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FOREWORD

The First Workshop on Unification held in Val d’Ajol, a small village in the

Vosges in France, March 18-20, 1987 and has been organized by
Alexander Herold, Kaiserslautern University,
Jean-Pierre Jouannaud, LRI Orsay,
Claude Kirchner, CRIN LORIA Nancy,
Jorg Siekmann, Kaiserslautern University,
Gert Smolka, Kaiserslautern University.

Unification or equation solving is a field of computer science and symbolic com-
putation that knows these last few years a huge development and a surge of interest.
Both are related to the better understanding of the formal foundations of computer
science and in particular to the increasing interest in programming languages based
on formal logical concepts. In that context there was a great interest to organize a
workshop in order to share the current knowledge in the field and to join together
the unification community.

This report regroups the abstracts and the copies of the transparencies of the
talks given during the workshop.

During the workshop it has been decided to organize an electronic forum chaired
by Gert Smolka. This forum will allow to share information in the field, like
open problems and abstracts of the relevant literature. People interested to be
in the mailing list or who want to make contributions can write to Gert Smolka
(smolka@uklirb.uucp). .

The next workshop will be organized by Claude Kirchner (ckirchner@crin.uucp)
and Gert Smolka (smolka@uklirb.uucp) and will probably hold in the same place
during the first week of June 1988.

We gratefully acknowledge the financial support of the University of NANCYI
and the logistic support of the University of Kaiserslautern and the Centre de
Recherche en Informatique de Nancy.

Claude Kirchner: Nancy, April 87.

A LIST OF OPEN PROBLEMS

Here is a list of open problems in unification that have been collected by Pierre
Lescanne during the workshop. The name of the person who posed the problem is
specified when this person was identified, otherwise it is the full group who raised
the problem.

1. Unification, i.e., the existence of a unifier, in permutative theories is decidable.
A permutative theory is a theory with axioms of the form s = ¢, where s and
t have exactly the same number of occurrences of operators and variables.

2. There exists a finite and complete unification algorithm for skeletal permutative
theories. A skeletal permutative theory is a theory with axioms of the form
s = o(t), where o is a permutation over the variables of ¢ (Jouannaud).

3. Is Rety’s sufficiently large normalizing narrowing optimal? If not does an
optimal normalizing narrowing exist? (Smolka, Lescanne).

4. In order sorted theories is the unification decidable if the theory has a presen-
tation with linear signature? (Schmidt-Schauss)

5. Using Plaisted’s test set method one can decide inductive reducibility. Is it
true that if the normal form of any term in the test sct is a unique term u,
then the normal form of any ground term is u? (Comon, Jouannaud)

6. What can we say about the rationality of the narrowing trec?
7. Give counter-examples to

U, C M,

Us C M,

My CUs

Mo C U

Uy (resp. M) is the class of theories with a unique most general unifier (resp.
most general matcher) for each equation, U, (resp. M,,) is the class of theories
with a possible infinite complete and minimal gencrator set of unifiers (resp.
matchers) for an equation. C is for “subclass of”.

8. Under which conditions will the above inclusions hold? Almost collapse-freeness
is such a condition, but is there a more general one?

9. A proof or counter-example for:
E almost collapse — free = M, C U,
(Schmidt-Schauss)

10. The direct sum of two normalizing or weakly terminating term rewriting sys-
tems is normalizing. (Nipkow after Toyama).
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Foundations of Equational Deduction:
A Categorical Treatment of Equational Proofs, Unification
Algorithms and Critical Pair Completion

D.E. Rydeheard and J.G. Stell

December 1986

Abstract

Equational deduction is the process of replacing like for like using substitutivity and the equiva-
lence properties of equality. It has a simple compositional structure which allows us to introduce
ideas from category theory: categorical concepts correspond to those in equational deduction
whilst constructions in category theory, such as colimits and free algebras, correspond to deci-
sion procedures and algorithms for solving equations. In particular, we

show how equational deduction has a 2-category structure,

derive algorithms for the unification of terms from general constructions of colimits,

o provide an abstract framework for solving equations in equational theories (equational
unification),

o relate critical pair completions to constructions of free algebras.

A good deal of this can be realized as computer programs either as algorithms, in which case
we provide an abstract analysis of their compositional structure, or as proof support systems
based upon the primitive of composition of morphisms.

This is a preliminary announcement of results; much of it is work in progress.
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Manfred Schmidt-Schauf3

On the Definition of the Unification Type of an Equational Theory

In this talk we propose and justify a definition of unification type of an
equational theory as the property of the set of unifiers of a system of
equations instead of a single equation. Most equational theories have the
mwam unification type for both definitions. In particular, for theories of
unification type unitary, finitary or nullary this is always true. For
infinitary theories it makes a difference : We give an example of a theory
T that has unification type infinitary if we consider only single equations
and unification type nullary if we consider the unifiers of more than one

equation.

On the Definition of Unification Type

M. Seloaws df - Jolaof?

Usual Definition.:
The unification type of Eis

1) 0, iff there are terms s,t such that
HUz(s,t) does not exist

1) 1,m,c depending on the cardinality of
the sets pUx(s,t) for terms s.t.

Problems:  The signature is not explicit.
Merge of substitutions.
Svstems of equations ?

Boolean rings are unitary, but not unitary
with free function symbols

AC] is unitary, but finitary with frez
constants

Vs frca biou amay becoms Um docid able
5.“ Yy ad &&A e Q\ \1& aabksﬁm\,



Proposal for a new Definition:

‘£ = (2,E)

(signature & axioms)
default for £ = {symbols in E}

cquation system :
I={s1=t;, ..., 8= ty);

instead of a single pair
=t

vhe unification type of ‘Eis

1y 0, iff there is an equation system I
such that pU«=(I") does rot exist

i) 1,m,ec depending on the cardinality of
the sets WU=T) for equation systems I'

44

The definitions above are equivalent

old type 0 = new type O
new type eo = old type oo.

1)
i1)

11

)

1v)

For type 1, - theories

For finite equational theories

7, w, F

If a free (or decomposable) function

symbol of arity = 2 is available.

If an Q-free function symbol of arity

> 2 1s available.

! The detfinitions above are not equivalent for

Y

9

(0

f
W\Ig v

[t

N

!
!

type eo.

Je = f&

_

Yy



Example:
‘E is defined by the term rewriting system:

hc&@vv |w® ¢\
fy(ka(x)) — fil
ki(h(x)) — WNQOCM
g1(k2(h(1(x)))) — ki(h(x))
f,(ky(h(x))) — £ kyth(x)))
g2(fa(k,(h(1(x))))) — £,(Ky(h(x)))
g(fa(ko(h(1(x))))) — fu(ky(h(x)))

E is regular, Q-free and simple
and is of old unification type oo !

The cquation system

{f1(x) = £,(x), f3(x) = f4(x))
has a complete set of unifiers:

({ x « gin(ky(h(z)))}, n20}
This set has no minimal subset:

{z < 1(2)} gin(ky(h(z))) =& g™ 1(ky(h(z)))

2ui\.£\

Q- ree

,ﬂ}.\:

15
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Different Subsumption Relations

Possibijlities:

i)  Subsumption <; w.r.t free term algebra
0 <;:T[W] iff JA. A =T [W]

i1)  Subsumption £; w.r.t initial term
algebra :
C <p T iff
{gr. inst. of T} < {gr. inst. of G}

Lemma: O <1 [W] = 05,7 [W]

Advantage of ii): |
unification type may become finitary :
Unification in free idempotent semigroups
is finitary for finitely many free constants.

Disadvantage of ii):
Unification is context-depenedent.
Not full compatible with combination

i)= 1), if infinitely many free
constants are available

11



Alexander Herold
Hans-Jirgen Birckert
Manfred Schmidt-Schauf3

A Classification of Equational Theories

The following classes of equational theories are presented : permutative,
finite, simple, almost collapse free, collapse free, regular and Q-free
theories. The relationship between these classes are shown and the
connection between these classes and the unification hierachy is pointed

out.

18

A Classification of
Equational Theories

Hans-Jiirgen Biirckert
Alexander Herold
Manfred Schmidt-Schauf3

Universitét Kaiserslautern
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Permutative Theories

Lankford and Ballantvne 1977

n equtional theory T is called permutative if for all

squations s =, t the number of all symbols in s and in 1

is the same.

Exampies: , A, AC

Decidability: Yes (by an examination of the presentation)



Simple Theories

An cquational theory T is said to be simple if for all

cquations s =g t the term s is not a subterm of t.

-4 . \ -, a°
N_,, (U be o

Examples: E,= {fex m@.%w_v = £ x)-y)d
Decidability: No

Properties: .

- A variable x and a term t are T-unifiable iff x¢ V(1)
- Simplicity is equivalent to strictness

- Simple theories are strongly complete

- There exist a simple theory that is of unification type

nullary

V.Y

Finite Theories

Ar cquational theory T is said to be finite if every

cquivalence class induced by the congruence = is finite.
Examples: E| = {f(a) = f(b)}

Decidability: No (Narendran, O’Dinlaing, Rolletschek)

Properties:

- Minimal sets of unifiers always exist



Collapse Free Theories

An cquational theory T is said to be collapse free if there

is no equation of the form x = t.

Examnples: By = {f(x f(y y)) = f(f(x x) )},

Decidability: Yes (by an examination of the presentation)

Properties:
- The equivalence class of a variable only contains this
variable

24

EE_cmn Collapse Free Theories

Hans-Jiirgen Biirckert ,Gmmw

P

An equational theory T is said to be aimost collapse free

if there are no projection equations of the form

- f i ,
v'w I‘M, »~xH ey xm con x:v.

Examples: Eg = {f(a) = f(b), g(x) =x},
E,= (g(x y) =x)}

Decidability: No (reducing to a Markov property)

Properties: . .
- The same unification behaviour as ¢ollapse free theories

(collapse equations can be dropped out by rewriting)



wam—:s_. Theories

An equational theory T is said to be yegular if for ail

cquations s =y t the sct of variables occurring insandt

is the same.
Examples: E; = {f(x x) =x}
Decidability: Yes (by an examination of the presentation)

Properties:

- All terms in a equivalence class contain the same variable

- Minimal set of matchers always exist

24

Q2-free Theories

Szabé 1982

An equational theory T is said to be Q-free if

sy s =p ity ... t) implies s, =t foralli=1,....n.

Examples: ,
I, = {i{(g(a)) = g(f(a))} (permutative)
Eq = {f(a) = g(b)} (finite)

%y = {[(g(h(x) = g0o) (simple)

{f(aa)=a} (collpase free)

210
E,, = ((g(0) = x, £(x) = x)

E, = f(g(x)) = x, g(f(x)) =x} (regular)

(almost collpase free)

Decidability: No (reducing to a Markov property)

Properties:

- L2-frce theories are exactly the regular unitary matching

theories

- There exist a Q-free EooQ_ that is of unification type

nullan



- 1o

‘The Unification Hierarchy

* unitary if WU is always a singleton or empty
* {initary if U is always a finite set
o infinitary if WUy is an infinite set for some problem

e nullary if LU.. does not exist for some problein
Decidability: No (reducing to a Markov property)
Is it possible to characterize nullary theories?

Remeinber: Finite theories are never nullary, since the

instance relation is Noetherian,

An equational theory is Noetherian if the instance relation

<1 [W] is Noetherian on substitutions.

Hence finite theories are Noetherian, but the converse is
false, but remark: There exists a finitary theory that is not

Noetherian

23



RIGID E-UNIFICATION
Jean H. Gallier

Department of Computer and Information Science
University of Pennsylvania
Philadelphia, Pa 19104

Abstract: Rigid E-Unification is a restricted type of E-unification that comes up natu-
rally in generalizing the method of matings due to Andrews to first-order languages with
equality. Let E = {(s1 = t1),...,(8m = t;m)} be a finite set of equations, and (v = v) any
equation.

Problem: It is decidable whether there is some substitution 6 such that the set {f(s; =
1)y, 0(8m = tm),~6(u = v)} is unsatisfiable? Equivalently, denoting by <=>4(g) the
least congruence induced by 8(E), treating the equations in §(E) as ground equations,
does 8(u) <= 4() 8(v) hold, for some substitution 67

Any substitution 8 satisfying the above property is an E-unifier of u and v. However,
the equations in E are used in a restricted fashion. Contrary to E-unification, in which
there is no bound on the number of instances of the equations in E used to show that
8(u) <= g 6(v), in our situation, only the m instances in 6(F) can be used. For this
reason, we call a substitution satisfying our problem a rigid E-unifier.

We show that rigid E-unification is NP-complete in some nontrivial subcases and we
conjecture that it is decidable in general.

a4

RIGID E-UNIFICATION AND
EQUATIONAL MATINGS

Jean H. Gallier
Joint work with Stan Raatz and Wayne Snyder

Department of Computer and Information Science
University of Pennsylvania ]
Philadelphia, Pa 19104
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RIGID E-UNIFICATION AND
EQUATIONAL MATINGS

MAIN GOAL: GENERALIZE ANDREWS’S METHOD OF MAT- |
INGS TO (FIRST-ORDER) LANGUAGES WITH EQUALITY !

THEORETICAL BASIS: REDUCE THE UNSATISFIABILITY OF
A QUANTIFIED FIRST-ORDER SENTENCE TO THE UNSAT-
ISFIABILITY OF A QUANTIFIER-FREE FORMULA, VIA A SE-
MANTIC VERSION OF HERBRAND’S THEOREM

e CASE 1. LANGUAGES WITHOUT EQUALITY

e TRADITIONAL CASE: PRENEX UNIVERSAL SENTENCES |
(AFTER SKOLEMIZATION) _

Vz;...Vz,B, B quantifier-free.

SKOLEM-HERBRAND-GODEL THEOREM:

]
A =Vz,...Vz, B is unsatisfiable iff there exist some ground sub-

stitutions o4, ..., 0% such that

C=01(B)A...Aow(B)

is cbmmmmmmc_n

vk A
Cis w/gﬁom%\ this is decidable (resolution, tableau systems,
Gentzen systems, method of vertical paths, etc ...).
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ANDREWS’S VERSION OF THE
SKOLEM-HERBRAND-GODEL THEOREM

WO ULD BE NICER IF A SINGLE SUBSTITUTION ~ ¢"DULD
BE USED

THIS IS POSSIBLE USE ANDREWS'S COMZ OUND IN< AN EN

FOR SIMPLICITY. ALSC ASSUSME FORM 1 AF | a0
TIONNO?MA: FORM (nnfi

R /rkeralis cither an gioinic formule or the neg on of anatomic

formula..

A formula A i in naf
(A A s nteral o
@Q\A= /(). where B and (¢
R4 = Y, where B

Lev A bea urivorsal sentence in nnf. The set of cornpounc’ . i
(c-instances) of 4 is defined incuctively as follows:

ot etcher

Pt

are in any o

and O are inorud

(N IF A 1S cither & ground atomic formula /¢ or the negation
B oFa stovnd atomic formula, then A is its orly «-ing wnce:

m_& i€A i of the form (B ~ (). where » «

c-tnstarce H of B uod winstance K of ¢, (H =
ofA:

(i) |F A 1s of the form ¥ 3,
Rinta I 19 Q ¢ instince «F 777,
I > x H. m 2 c-instance of A.

\v for any
N rs a e-instarce

for anv .h 2A clowat e
I U A PR SRS



Theorera | (Andrews’s version of the S-H-G theorem) Given a
universal sentence A in ::m A is Ezm:mmm_&o iff some c-instance

C of A 1s aasatisfiable.
HoW DO WE GENZRATE COMPOUND INSTANCES NIC mﬁv\o
NOTION OF AMPLIFICAION (ANDREWS™SS

C isobtainec {-om 3 by quantifier duplication iff « " reults

P b replacing some subformule Yo’ of B by (M AV M)
€ =>Cy -, Cu-i = Cn, with B=Cy, C =, and (g

S obainut from C; by quantifier duplication, 1 £ ¢ < n, C 1S
obtainet From /3 by some sequence of quantifier duplications

(F A =>* B by ome scquence of quantifier duplicat.ons

C is avectified soniznce equivalent to 53,
D gbtaned from C by dcleting the quantifiers in ¢,
then D s ai

Lemma 2 Civen a universal senience A in nnf, ¢ is a c-instan.:

of P 1FFthere is soine mSv::fio: i¥ of A and some (o
subshiution Osuch thw C = eﬂUw

ampfificaion of A
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VERTICAL PATHS

13 moz ANDRE WS'S VERSION OF THE S-H-G THEOREM AND
THE REVIOU S LEMMA, WE HAVE:

“heorem 3 (Ararews) Given a universal sentence A in nuf, A
Is unsatisfiable i ihere is some amplification D of A and oune
Nw oot eabstiv or o osuch that (D) is unsatisfiable.

HENCE, WE NEI'D A METHOD FOR mmoﬁzo E\%_‘ GIVEN
A QUANTIFIER FREE FORMULA 1), THERE iS SOM" SUR.-
STITUTION o SUCH THAT o ) 17 UNSATIS i A m: b

USE VERT!C AL PATHS AND MATINGS ;

LetA VnP-_: artificr free formula in nnf. The set vy ) of verfrcal
bo.tu InA i5 the 1 of sets of literals defined indu “Hively as fofiows
\FA s + e i hea vpi 1) Haty,

\WWA = (BAC
cv\m&? )

\FA = (BVQ)

= {mo Uy oy e opl 1Y

then ipq A

then eplA) = vp(B) Uvp ()

Lemma 4 ¢ iven gouuntifier-free formula A4 in nnf, .1 is
oble IfFFevery verti i patis in A is unsatistiable.



MATINGS

FOR LANGUAES WITHOUT EQUALITY, A VERTICAL PATH
Ly,.. .. {m} 1S UNSATISFIABLE IFF TWO OF THE LITER-
LS &), Lj AF.8 COMPLEMENTARY.

IF THE FOrn Ui IS OF THE FORM {4y, THIA ¢
UM TH RE VRE LITERALS o(L;) and ~oi /. 51
all ;)= Q»N.G.u

HENCE o IS A 12117 0ER OF 1 AND L .y
THIS LEADS TO MATING

DefinirionGiven ¢ juantifier-free formula A in nn
Ais P«E«k Az.myo.v where

o MS 15aserof pairs of literals of opposite sigr (i i qnd

a mafing for

» o~ 15 asubshior such thay, for every pair /. - Vi
i = a(L)).
A wating \S pcezplable ifi every vertical path »
conkalns some riated rair (L.-L') € MS,

Lemma 'S And

have .

(1) Giwn a substituica 6. if ()
p-agLeeptabl s mating At for 4.

(2) 1Frmis Q p-uceept thle mating for A with asa i
tionopy 1 on Q.IQ,Y, uncatisfiable.

ews: Given a quantifier-free formuiz 4 11 a0t we

is unsatisfiabic, then
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U ASEK 2: TANGUAGES WITH EQUALITY

Atadrews’s versicir o7 the S-H-G theorem (theorem 3) can be gen-
: t o languiges with equality (nontrivial):

gy 2 ?...&.:m.z Given a universal sentence 4 innn:. ! is un-

Ca

St ey 2 s sorae aniplification D of 4 and some coreunds
Subst e s Athat (00 is unsatisfiable.

.i.m /QB.,.;.._ _,:w:ni.c,.::m,,;m:ﬁmOUme:mB:Nmar,.vﬁ\sme_::&
with equ .- o .

o

Lemrma L. Urveen o cuantifier-free formula 4 in nnt

Y NSRS
Yiable \fF . +or 1.0 path it A 1s unsatisfiable.

DIFFICL.IY 1 1S NO LONGER TRIVIAL TOQ CHECK A
A VERTICAL “ATI! S 1INSATISFIABLE.

BUT IT\SPOSS. ! £ USE CONGRUENCE CLOSURE

VOZEN

FEST WEPLACT EVERY ?32_,pc£,52>r ATOM P(ty, . .14)
BY THE LD ATON Piiy... t,)=T.

(USE A TWG SOR™™T) 50U ATIONAL LANGU AGE)



CONGRUENCE CLOSURE
THEN. A VERTICAL PATH 7 IS OF THE-FORM

:.f :vv R N.Ssvu .JA.mm “......H,Nuqu‘ . gI_A.m“p = wwiv

*O CH,"CK THAT 7 IS UNSATISFIABLE, USE THE CONGRU-
£NCE « LOSURE METHOD (KOZEN, 1976, OPPEN AND NEL-
ESAVREY uo,v.
2t THRM .ﬁi = set of all subterms of terms in 7.
onstrirct labeled directed graph G, as follows:
s Nodes of G = TERMS(7).
,t,) is labeled with f.

e Forcachnode f{ty,...,t,), there awzoamo?oa fltr.. .. tn)
to each t;.

¢ Nnde \*:“_.

relation ¥ on the set of nodes of Q 5 n§%§m§& 5, for mnw ‘

vo nodes f{83....,5n) maa \QT...

F(siyere18n) = f(t1yeneytn).

i ern 1 vertical path

= mv..f.n = &Hv ey A.wﬁ; w NSVv Jﬂ.wux_.ll.l.. “Mvu .. ..u '_ﬁ.m.s:. I..I!N“wvvu

Fo={(s1 = 11),.(Sm = tm)}.

Puersan 6 (Kozen) There is a smallest congruential equivalence
+ containing B It is called the congruence closure of E,

denoted a8 =

-

Coovne 7 (Kozen, Callier) mois unsatisfiable iff for some 7, 1 <

,o

he . or-ruence closure 2 &g can be computed in polynomial time.
uigorittas of Kozen, Oppen and Nelson: OA:J Zmo&%é o»,
Powrey Sethi and Tarjan: O(nlogn).

"W in a position to define oncu.mon& matings.



EQUATIONAL MATINGS

Definition Let A be a quantifier-free formula in nnf. An equational
mating 1 for A is a pair (M S, Qv ‘where

e & s a set of sets of literals called mated sets and

s + 4 substitution, such EE._

4 mated et is a subset of .woBa vertical path m € vp( A,
-« of the form

{{&1 = t1)s. . {8y = tm),>(s =)} <.
“teitom 2 0, and,

¢ v ocvery mated set {(sy. =), .. (8 = t,). e = 1 ¢
the set of literals
T.,ﬁ £ = x“,v‘ o Qm.ni = W«SVVJQA% = N.\;

o nsatisflabic.

A vquational mating M s 2 refutation mating iff o pq(A)

Cnsansible.

o é&:on& mating M is p-acceptable iff, for n<mQ path
1. there is some mated set

ECTIE 0 AP (sm = tm), (s = t)} e M,

! ....,LM - I 3 PR ,r ne = %:pv JA% = ﬂvv

. . e e

Lemma 8 (Andrews, Gallier) Given a quantifier-free formula 4 in |
nnf, we have:

(1) Given a substitution 6, if 2\3 is unsatisfiable, then there is a
p-acceptable mating M for A.

(") If M i+ a p-acceptable mating for A with associated substitu-
Hon o .4, then o (A4) is ::ﬁ.&%mzn.

Theorem 9 ( Andrews, Gallier) Given a universal sentence A in nnf,

15 unsatistiable iff some amplification D of A has a p-acceptable
" tiny

:<,..LO?mﬂHZUmOC>H~OZ>F§>H~ZquEWMAmvﬁwz
¢RI UUSTRAVING THEOREM 9.

10




Example: Monoid such that z2

n..,H_mo_.NEa._

VaVyVz(*(z, *(y, va H*TAS, ¥),2))) A

Vu(x(u,1) =u) A
Yo(#(1,v) = v) A

Vw(+(w, w) =1) A

JTAQ: @v = *Am. vi

wint t¢: show that such a monoid is commutative.

Consider the following amplification D of A and the set M.S

snsisiing of one set of literals.

KviL\.nA.:rHv :Hv

>

\ A*ASH.SHV =

1)

(*(z1, %(y1, 21)) = *(*(21,91), 1))
(*(z2, *(y2, 22)) = *(*(z2, S.V.NNVVV

(¥(we,wp) =

((z3, *(y3, 23)) =
TAH.?;AQA.NAVV .I.* *Tmh Yalrza

>

VAN A*Aew‘,&wV
A\ (#*(a, b) =

A\
A
A
A (x(1,v1) =) .
A
A

1)

1)
+(b, :Vv

1)
(2)
(3)
(4)
(5)

MS = {{(*(u1,1) = uy),
(*(w1,wy) =1),
(x(m ,*ASVNHVV = *(x(z1,y1), z1))),
(#(z2, %(y2, 22)) = *(*(z2,y2), 22))).
(x(ws,wy) = 1),
(x(1.v1) = vy),
(%(x5, *(y3, 22 vv = *(*(z3,93), 23))),
«,*Aaf*@fﬁvv = *(*(24,Ys), 24)))
(*(uiz, wz) = 1),

=(#(a,b) = (b, a))}}

oo fhe substitution

a‘viiaxb)/wi,a/zy, (a*b)/yr, (axb)/z,
aLae, .,ﬁ,\m\wu @\qu Q\sc&v @\QH,
,:\.‘é.;.. {ax* @v\wﬁv @\Nw, D\Sf v\@ﬁ, @\th @\8&

Ve claim that (M S, 6) is a mating for b For m_Bv:QQ of notation
:#1 adept infix noration, and denote (s, t) as s u.; ):5: we have:



TN ES

= AQ s Hw *x b oy l2;
={ax[(a*xb)*(axb)]}xb b4

= {[a*(a*xb)]*(axb)} b Sy 4
= {[(a*a)xb]* (axb)}*b py il
= {[1*b]*(axb)} b ONEY
= {bx(axb)} xb 2y (3)
=b* {(axb)*b} by i
=bx{ax(bxb)} by (1
=bx{ax1} - by (4
= (b *a), o Ly (2

which shows that (M S, 0) is a @-mooovBEn mating for i (there is
a sing'e vertical path in D). ;

RIGID E-UNIFICATION |

Recall the main condition for being an equational mating:

For each mated set {(s1 = t1), .....?S =ty), (s =)} € M,
the set ,
{o(o1 =1t1)y...,0(8m =tm),m0(s =1)}

t¢ unsatisfiable.

ihis implies that ¢ is an E-unifier of s and ¢ modulo the set of
equations {(sy; == #1),...,(sm = tm)}. But it is a much stronger
cordition.

Definition Let 2 = {(s1 = t1),...,(Sm = t;z)} be a finite set of
N E&E:m and let a\alhv Uts=tyer Var(s =t). A substitution
g1 igid E-unifier of u and v modulo E iff

i (idempotence) I(6) N D(6) = O, and D(P) C Var(E) U
Var(u) U Var(v);

{2y The set

(0(s1 = t1), -, 0(5m = tm), ~0(u = v)}

is unsatisfiable. Equivalently, the on:mmo:, O(u = v) is a
consequence of the set {f(s; =t1),...,0(sm = tn)} by the
congruence closure method.

14



The property of being a rigid F-unifier constrains the use of the
equations considerably. For m.gomng +is no bound on the
number of instances of equations in £ .F& in showing that 6(v)
and #(v) are congruent modulo E. On the other hand, for rigid E-
unification, only the equations in the set {6(s; = t1),...,0(s,, =
tm)} can be used (as ground equations).

A rigid F-unifier is an F-unifier, but the converse is not true

Example: Let E = {(f(a) = a) (1),(f(a) = 2z) (2)}, v = z and
v = g(z). The substitution o = [g(a)/z] is a rigid unifier of u and
v, because,

9(g(a)) = g(f(a)) by (2)
= g(a). by (1)

The substitution [a/x] is an E-unifier of u and v (rename z as y
in the equation (f(a) = z)), but it is not a rigid E-unifier.

The standard methods for showing undecidability do not apply be-
cause each equation in £ can be instantiated only once.

We conjecture that rigid E-unification is decidable. Some subcases
are decidable.

15
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SYSTEMS

Definition A system S is a set {(u1,v1),.., (Um,vm)} Of pairs
of terms.

A substitution @ is a rigid F-unifier of S iff 0 is a rigid E-
unifier of every pair (u;, v;).

Given a system S, a pair (u,v) € S is solved (in S) iff u 18
a variable and this variable occurs nowhere else in S.

A system S is in solved form iff every pair (u;,vi) € S is
solved.

A system S in solved form defines the substitution og =
o1/ U /1] Which is a rigid B- unifier of S.

16



TRANSFORMATIONS ON SYSTEMS

Definition (Transformations Rules) Let E be a set of m equations,
R any system (possibly empty), and u, v be two terms.

{(u,u)}UR= R (1)
{(v,z)}UR = {(z,v)} UR, (2)

wher¢ z is a variable, and z # v;

. vcwvvw UR
”Vﬁﬁﬁuveuvu...vAﬁk“dvaCNw A..wv

AA\.AN :...uﬁ\avv.\gdf.

{(z,v)} UR = {(z,v)} U R[v/z], (4)

where z is a variable, z ¢ Var(v), z € Var(R), and R[v/z] is
the system obtained by substituting v for all occurrences of z in R.

Note: The transformations (1) to (4) are essentially those given
by Herbrand and Martelli-Montanari.

17
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To deal with equatians, we also need:

Hnﬁ“de me = AA\:“NHY ?.TNMV“ cany Aﬁs\l.f?sv, Aﬂ.svevvcmv Amv

where the (I; = ;) € EU E~! are n < m distinct equations,
I < ¢ <n, and u,v are not variables;

{(z,2v)} UR = {(z,v]8 — )} U{(v/B,s)} UR,  (6)

demiv) | 3y # e,v(Bv) = z} of proper prefixes of paths ending
in a leaf labeled with the variable z, (s = t) is an equation in
I~ and o[3 « ¢t] denotes the term obtained by replacing the
suhterm at address 3 in v with £,

waeie jv) > 1, ¢ € Var(v), B is any address in the set {8 €

Note: o(v/3) = alv)/B, and so

ol .H;Hv.i.w; QT(;.Q — &v = Q.Aevﬁﬁ — QQVH AMHVQAEV
a(v)[B « o(s)] <=, o(v),

usng the independent derivations

o(z) <= op) o(v[B — 1))
a(s) ﬁmﬁvimv o(v)/B8 = a(v/B).

18



Example: Let E = {(f(g(u)) = h(u)) (1), (h(v)
w) (3)},and S = {{g(f(z)),z)}. The following sequence of trans-
formations leads to a system in solved form.

{{z,9(f(=)))}
=6 {(z, 9(h(u))
=3 {(z,9(h(u))
=4 {{z, g(h(w))
=3 {(z, 9(h(u))

2
v
)
2
=5 {(z, 9(h(w))),
)
)
)
2
2

3V

(f(z), f(g(w)))}
(z,9(u))}
(9(h()), g(u))}
(h(w), u)}
(Rh(u), h(v)), (f(v), f(w)), {w,u)}
=3 {{z, 9(h(w))), {
=2 {(z, g(h(u))), (
{{z, g(R(w))), (
=4 {(z, g(h(u))), (v,
=2 {(z, 9(h(x))),

Hence, [g(h(u))/z,u/v,u/w] is a rigid E-unifier of S.

(
u,v), (f(v), f(w)), (w, )}
su), (f(v), f(w)), {w, u)]

v :v (v,w), (w,u)}

A

uy, (u, w), (w, u)}
:v (w,u)}.

= f(v)) (2), (f(w) =

34

The main difficulty to show the completeness of the transforma-
tions, is to show that if a solution exists at mz then a small solution
also exists.

Key to the elimination of the variable z in the case of a pair (z, v),
whete |v] > 1 and z € Var(v).

Lemma 10 Given a set £ of equations, given any term v containing
some occurrence of a variable z, and such that |v| > 1, if there is
1 term ¢ with no occurrence of z such that
v[t/z] <=p t,

then there is some subterm r of ¢, such that,

r =g t, vr/z] <5 7
and, in the sequence of rewrite steps v[r/z] <=g 7, for every
occurrence « of the variable 2 € dom(v), some rewrite rule is
applied to a proper ancestor § of a.
Lemma 11 (Soundness) Given a set F of equations and a system

5,1 S =* 5" and S’ is 1n solved form, then, the substitution g
associated with S’ is a rigid F-unifier of S.

29



SOME DECIDABLE SUBCASES
CASE 1: REGULAR AND GROUND EQUATIONS

Definition An equation (I = r) is regular iff Var(l) = Var(r) #
0.

Theorem 12 Rigid F-unification is NP-hard when F is a set of
ground and regular equations and both u, v are ground.

Proof: The satisfiability problem is reduced to rigid F-unification
ac follows. Let the set of function symbols consist of A, V, -, and
the constants T and L. Write down the set Ejp,,; of 10 ground
equations corresponding to the truth tables for A, V, —. Given any
ciauve A, if Var(A) = {z1,...,z,}, let

Bg={(xiAxzg A... ATy A L).

Finally, let B4 = By U{A = Ba},u=T and v =L. Itis casy
to see that a substitution o such that T and L are congruent modulo
a(E ) exists iff A is satisfiable, since By is false for every truth
assignment Hence, satisfiability is reduced to rigid F-unification.

35

Theorem 13 Assume that the equations in E are either ground
or regular, and that we consider systems such that for every pair
(u,v) € S, one of u, v is ground. Then, rigid F-unification is NP-
complete. If S has a rigid E-unifier, there is a system S’ in solved
form such that, S =* §’, for every pair (u,v) € §’, v is ground,
and the substitution g is a rigid E-unifier of S. Furthermore, a

finite complete set of rigid F-unifiers can be obtained using the
transformations,



CASE 2: STRONG E-UNIFICATION

Definition Given a pair (u,v) of terms and a set E of equations,
assume that any two equations in F have disjoint sets of vari-
ables, and that Var(u = v) N Var(F) = . A substitution 9 is a
strong E-unifier of u and v iff there is a sequence of rewrite steps
O(u) AWI:E 6(v), such that, every nonground equation 6(s == t)
1s used at most once.

The method of matings is complete using strong F-unifiers.

Lenmuna 14 If the amplification D of a universal sentence A4 in nnf
has a mating found using rigid E-unification, then there is some
(further) amplification D' of A which has a mating found using
stron F-unification.

Theorem 15 Strong E-unification is NP-complete. If S has a strong
f-unifier, there is a system S’ in solved form such that, S =* S,
and the substitution o is a strong E-unifier of S. Furthermore, a
finite complete set of strong E-unifiers can be obtained using the
transformations. )

FURTHER WORK

i : i that
i tion with P. Narendran, we dorn<.o :
o tone that rigid F-unification 18
lved use a type of Knuth-
kal’s tree theorem.

Very recently, .
we have come very close to showing

indeed decidable. The techniques invo
Bendix completion procedure, and Krus

Find other decidable subcases and pin down their complexity.

Higher-order case?

24
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a

Solving Disequations

Claude KIRCHNER
Pierre LESCANNE

Abstract

We present a general study of equations (objects of form s =t and
disequations (objects of form s # t)) solving. The problem is approached
from its fully general mathematical definition clearly separating
universally and existentially quantified variables. In addition it is showed
to have many connections with unification in equational theories like
associativity commutativity, in particular methods similar to those used
to solve equational unification problem works in solving disequations. This
abstract framework is then applied to study the sufficient. completeness

of a rewrite rule based definition of a function.

37

._,.5__\“.?;L\:\ixrxw:;x:x\ue\tkm:..Qa.xﬂ,x&::x:x

the y,are Existential variables and the X are
Universal variables and P = m‘ v..vS, is a

disjunction of systems where a system S;is a

i

enjunction of equations s=t and disequations sxt

- “estricted Unification problem (Biirckert)

6 geat) V 3y o o)

T X =t
Yo \.,\ ..w\sw 1’ N:..\thlu N\\—\N\V\N~...\.\r\2vvﬂ\ukw¥< .X v

ny

v equational problem.

solution of an ecuational problem P= Syv...vS§S
sotution o v S,
a substitution ¢ such that D(o)e Y Yorey dand
arey gyt o _
219 exists a system S; such that for all equation

SO, a(s) = o) and for all disequation <#t in

sieh o).



Sufficient Completeness
and
Inductive reducibility

Definition: A term t is inductively reducible
w.r.t. a Term Rewriting System R if each instance
of tis reducible w.r.t. R.

The sufficient completeness of f w.r.t. Ris the
inductive reducibility of f(x,,....x ).

oy ,\.,\mﬂ«ﬁ».: q@.\.‘bmﬂ.«q\ .:.NRNQNmNJﬁQV:.mRN..\Amﬂ«ﬁ_\.:

Visesubt) Vi-ge R S(¥) =l(x)

Sub(t) is the set of subterms of t.

Indeed, the reducibility means there exists a non
variable subterm (disjunction on the subterms) that
matches (existence of a values x; e T(C)) the

left-hand-side of a rule (disjunction on the rules). ]

The inductive reducibility means that this has to be
satisfied for each ground instance (universal
quantification over Y he T(C) ). This is not a

unification problem because of the quantifiers. In a
unification the existential quantifier 3 is in first

position.

3¢

RULES

e rUIes
E#E - false
&E=E v true

position
s=£ - E=s if s is not a variable
sz& w &5 jf s is not a variable

vX(PvQ)— (VXP)vQ
provided Q does not contain x
Vx(P AQ) - (VXP)A (VXQ)

ol g el
SR CNBCKS

Definition: {=t<4 &'=t’ if and only if Ee Var(t), &4t
(é=tieSand (£'=t)eS .

S~ false if S> (§=s) s.t. (§=s) <* g (E=s)
S S jf e Var(s) and E#s or there exists
(§=S)< g (£"=s"), &"e Var(s) and &e Var(s')



“roblems in Nermal Form
Clashes and decompositions

fU Uy yU) # GV pVy-nnsVy) HUTUE A problem is said to be in normal form, if all the

flu,u,....u) = g(vV,Vy-.sV, ) false m<mﬁm3w,..: contains are .Bmam of disequations of the

HU Uy U ) # @V VeV, ) w V1 <icm(UFVv)) forri y=s and of equations of the form y=s.

(U Uy ) = PV Vgrens V) P\ 1ism(U=Yi) In addition, if there is an equation of the form y=s,
g : there is no equation of the form y=t or disequation

E=s A Extr> E=s A 82t ifs and tare not & of tre form ysu.

E=s A E=t E=s a s=t if s and tare not¢ .
Theorem: Given a problem P, there
exists always an equational problem

“aan Rules P in normal form such that
p A false »p P —*p’
pApP
elc...

Theorem: If P contains only
equations, then P’contains only

¢ estitution equations, therefore P’ determines a
vx(P A {x}) v Q) = (VX[(P A Q(s))(Q(x) A Q(s))] family of substitutions.
if xe Var(s)

Specific instances of this rule are . it P Oosﬂmmzm O:?.Qmmﬁc.m:osmw
ox({xss) v Q) Q(S) ther P'contains only disequations.
vx{x=s} + false
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Sufficient Completeness

L _. . - ~ and
Getting ride of disequalities , C Inducth

Now the quantifications are done on 7(C) _
instead of any algebra. - Definition: >$~ !
i w.rt. a Term mi
Fyy e Ay Vxp" V) . of tis reducible w.i

[P v Vx; 1€T(C)..Vx; , €T(C) (Q A Ny 2f; (x))] , The sufficlent cort neds of Fuir. m s 5@
- inductive qmaco_c___ & Qx L SR
M«.\ ‘.. MVS\MEN.N:.WR\.N ...(HN‘:.G\\«as S L o
(Pv(Q 4 Vjecyy=1fiy) Vy; 1€T(C)... ¥, }%@. .m&..ae@..& 4€T(C)...
| ,\hm?ss S..%mx s { =I(x;)
Sub(t) is the set of msw"mqam of t.
e ¢

i
i
i

- Indeed, the qma:n. means 3@3 exists a non
T eppaeondpes e T | variable subterm (dig & etion on the subterms) that
matches (existence of m §Emm x\ kE ioc the

left-hand-side of a rule «Q .m\.m:%oa on the rules).

e

The inductive _‘mac @m:m 32 this has to be
satisfied for each grc ?mﬁ:om ?E.\mam\
quaniification over w H«O: This isnat a

unification QoEmz« cause of the n:ma_:oa Ina
unification the existential ncma_zmq 3 is in first
position.
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lts negation is,

vaGL mﬂ«ﬁc.:m.x\..&mﬂ.«ﬁv <\k~,~m”~.«ﬁc:. q\kﬂ..\amﬂ«ﬁ‘v:.
NseSub(t) N —ger S(¥) #U(x)

This now has a flavor of unification; since the
existential quantifier is in first position.

This is an equational problem.
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.HOW TO REDUCE DISEQUATIONS

H. Comon
LIFIA BP 68,
38402 Saint Martin D'Heres cedex

France
Abstract

Let T(X) be the algebra defined in the usual way, X being a finite set of functional symbols
together with a typing function and X an enumerable set of variables. Let A be a subset of X. We
say that a substitution & is an A-solution of the disequation t # t' iff

(i) for every xe X-A, o(x) =x

(i1) o(t) and o(t") are not unifiable

This may be viewed as an universal quantification of the variables of t and t' which do not belong
to A. Note that t and t' may share variables. o(X) may also share variables with t and t’; i.e. G
may be not idempotent. Finally, we are interested in the solutions of such disequations in Ty(X)
and not only in the ground solutions.

In order to simplify such disequations some problems arise. For example <x,x> # <y,z> where
X,y,z are variables, is not equivalent to x # y or x # z or y # z, even if we restrict ourself to
substituitons ¢ such that every term in o(X) is linear.

Indeed, assuming that there exists three functional symbols: 0 (0-ary), s (unary) and f (ternary), the
substitution x = f(x1,x2,x3), y = f(x2,x3,x1), z = f(g(x3),x4,x5) is a solution of the above
disequation and is neither a solution of x#y nor of x#z nor of y#z.

Thus we look only at what we call A-linear solutions. Such a substitution transforms every linear
term of Tx(A) into a linear term. Ground substitutions are particular cases of the latter.

We show now how to simplify such disequations as far as possible . More precisely, it is possible
to show that a single disequation can be reduced to equations and at most one disequation between
two variables. We cannot expect more since the X-solutions of a disequation between two variables
are given by all the non-unifiable pairs of terms.

Finally, a comparison with related work will be given;

Refrences
A. Colmerauer PROLOG II, Manuel de référence et modéle théotique. GIA, Luminy

H. Comon Sufficient Completeness, Term Rewriting Systems and Anti-Unification Proc. CADE 8
H. Comon About Inequations Simplification LIFIA, Grenoble, 1987.

C. Kirchner, P. Lescanne Solving Disequations CRIN, Nancy, 1986.

JL. Lassez, M. Maher, K. Mariott Unification Revisited IBM, Yorktown Heights, 1986.
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ABSTRACT

INDUCTIVE REDUCIBILITY PROBLEMS
AND
SOLVING INEQUATIONS

JOINT WORK WITH H. COMON AND J. HSIANG

We will show how to reduce various inductive reducibility problems
(reducibility of all ground instances of a term) to the existence of
solutions for a given set of equations and inequations. The construction of
the set depends on the rewriting resation used standard rewriting,
rewriting modulo, and extented rewriting will be considered. Resolution of
the obtained set must accomodate non free symbols, AC-symbols as well

as "non free inequalities", e-q, the recursive path ordering.

49

H%cho* (Ve Re duecch %.K.N \uﬁﬁr\m ms

and ; |
. m&c.M'\T.\-OSV -+ oﬁ.xwtaﬂl&:w
sel ving H:nnwcn.m..o.am + Dr.meﬁM.CO&N..us

Hubet Comon .. .h..v_..b , m.qosor?
u..n,r_ Iu....l.w,.. sony , Stony brook

Tesew . Pie _
Picere Tovaunaud , ¢az Orsay



Indoetiive (Lompletion daecrihed r< Infereme Rules

H’Qc—.. Re : a ﬁrc.ﬂr-ﬂOCLT seb o% roles

Ee @ a é&.o& h&cp?wsv v be wﬂoi«o‘

Addsing critceel ?...:._v"_ E,R = Eu{dst], R 4f (sE)ece(r)

SimpliFying equations:
E U j4azk) , R +— Euja'zE},R L«b. 4 — 4’
mcmau@\ R TlmC&&ﬂm&.z ..o\\m.llr&..

Eltminating Freveal bde’?.o.suu
E v {424} R +— E (R

Scmpli Py ‘ng o les -

E,RuU 4t} _l!myn.c*\u\...tv .bN m,..lvxk

mlhc*m!vm.w — W-.s*\u.ﬂ,muv\? A&ll\ll!t 4’ amd 44 €

{-r €R

orienting equatns inte roles:

Eu {4sty R v+ B, RU [at] & 4>t and

4 ».sk.Ch?.cL,\ 1&{9._.7 rxan

EUlasb], R — &, Rufbas) «f 458 and

¢t h)ktoz“ir\ redlvedhle r.ﬂ R.

iz proving oacor.o.:v :

LUfaz B (R &,.%ao% ;M Art  and

4 nobt r.s&:n*r.cp@ reolsyclde rm L

mc?uisx - acgwau\ A £>4 Ound

& nef r.S&.Ca?w_nm me L uaclola &q '"

Induchve  Redtuechiliry:
Y. N .nsoﬁcoz.,z &U redo nxgo,\n . Nou R \Q'\ every
ﬂﬁoc.\i ..r.S«TQMSAn n& A 4 recdlucchle hﬂ R

mxp!3~ﬁu O (2er0) aurd 3 (huee S30r)

.Po = ~ S w 0. 10“

$SS x () n.sxtnt.cnv.m_ - veddu ecble)
S x Za _JoT rSL‘c PT..,..nmu reolvedble

Example - o, S, +_

_°+XI0X

L : .
~ SO +y - S (xty)
.\1/ < n.SLto_.‘mcn NO reolu edble.
s b4 i
.ﬂ\.T/P mw <wmdlo etcve w reolucchle
\
<N

Re wmark : H.K .N V) nrp [ete mu Qﬁv\iﬁ&

wth KA‘KL. Ao a ekl Qv no.\&rxcn»o&\

the_n &

m-L\.../m.s Y mSk\COT.LhmO

ct duncdody

Theo v Inductwwe reduabilily ©w deadaptc
5o



Tedoerive rasco...r..a...u and  Selung c..noAco..&..m

: . Opmnﬂmwf.os_ 0% Mwrmal Foras: ‘ {
r»:m cdea: . dearch *ow ‘ :

. ,
a covnhr - example | c.e, 3 _ ) C mos.‘b: 2 Rewy]
£ a wor - ;#Cn.._rﬁ.u x.opce.r?r by R ff there m..‘f:-.nn . : o_\_ S, sso-o
exids  an r.\..noﬂ;n\.._.r &«GCSL .rs.vs.bsnu éy o% ¢, e NF o= NF, @ e
There ,n.:b_a an anpms».ﬁg.. r o% &r«rn.rr.u M Ny s Jof
£ b (reeducible @ roond b b | | ‘
e% ) | qroond  hrws et vFs 2§ Sx | Sx # 550 "aumd x€wNF§
(t/e)r ¢ Lo Ye-ar €R , Vpe3(H), Vses.
y v . m:’fq._o 0,8, +
“t =, oO+vV
H.ﬁ.ﬁq.‘.ns.l £ é the. am:&.»b?n k\\\m.a:n. . W (v) . y
S(v)+v — U v
variakles o% t are P%STP:TK:N q\cn..L.r Nﬁ.k ¢ :
varablts o) € are universally «\ckx?\e« NETNF, v v v e,
) . Zﬂo - mo* .
DeCenibion: The diseguakion Lze ‘s uLsPP ﬂ\ e
, AT I S € NF
thece  exish 8 such Hial E8 and € do nol {Sx | x ew J
ME
c:\.r‘_s.\” 0¢s onsfcation v N “<*¥

X»N £ O4V and x+y # sCu)+v

NePe: we coold oy €6 awd 06 do nor C:L.\,\

amed x € NF  awdl » me».s*
w ot UAGV < Sk A &.%mvTﬂ!?.O.\ QD..T..“&E.

Theotemn [ Greou]

) hs\;._,d sm.v\ %r.s\ﬂ.n..\:.s h% neech oAs.cnphims >
Tnductrur aduahi (N 7\ : . ..\\ secdalle
, N o ‘nduchue@ reolu eble R <
o e .i 7 . Pm ndischive ?opce..r..?mﬂ @auw he asfated as:
" i&'eﬂ Aot b/ £@ | vp & B(H), vl 33}
*\ %\ # é * _:u € WNTV , T%\'... m.h% M \T 4 ,\
A MLP A soluvtcons A x €w~NF ~ Yo m(m*‘v”
ne © Cevrer o o smﬁs wun <

51



bow to talue  disequehons (sl & .
| n&t’?asou

. vu c(wvcrv C\rN\.ﬁE\»F ‘1c¢.v Ao T‘.Q‘t\\:.rf
“w c\c.hﬁrnb»,}\ Moccinc i cahs u problece
ko a %.\.gﬂr\«,. o2

oy eonades Mo abildy dv dcowpern
w3 dariabolas 83 ohfacied pr st A
exbrok F.P g s 49F .

or- -

.. !rmmtw

Tnductive omplelTion medule Eqvatidng (%) N

L Reduichin  wies  @- pabtern mokching
. CP- usputakiion uses - & wuficaken
. Tndochioe gre.@.J. cves 2- %&F‘: :\S\&:ﬁw
& wwust be bustt cwlbo ,&xw&xﬁ.{ «L,P.rrnu ,
€- er.oer:.\mm..nn\v&s |

. Proviuy o&c&\&sv Leta .G§x>....rr:..$,r~ to he
tndoehiss  condequoncas  of the axdwcs weeds w
weok  Asphisticoled  wshiu:  Tuduchise - rolucinliy
Thes offs oko (Grivas  nise Ao ag a?.u...s\x.norms
?r.@i or om - &Lvts»..w».gws problavw.

52



UnFailt ?W ogirg’ ﬂruf.b«fu - Rosinow. zh) W

| ldaas: Pés, %E.mﬁ of Puepltkon by wwing

roles aicl .AQP_..mSV

%01. rohusboon
. reduacfron FL&OS; 3 awnd € -
£ — ] as ..‘r...t.p&
& .4 A -
. fzrec ‘\\
) m:u,mwml\ - \m.\wnmal
(@ 4= A [p «re]
(3) e 5 ro
Nobe - QF?S“‘C.S.W o Hie ..n.ur\m\-.% 3) 4=~
o =2 r.f. used
e (LSe x  pduchan bﬁ&»ﬁ?cw > tebanl
LV %3&5& fermes -
m.n;‘s&}" X4y = (4% > &« RPo witk
. ?AQ&P&P a<bes
+ daweo
btaa —— a +b

- N;Trn‘k‘m qos.\v :
& A

A
N m\ 4 Hf € m\ f/ﬁu

53

In l.Cn.....‘P ‘

. lnS&\c,ﬁ_A.cﬁ

CS \’...—...S.W

wdouabe mLV

dance &ng r\Lﬂ Ks%nh? to the naw nokan oﬂ reoluchion,

Zﬂﬂ

t

5 43) ¥ (4 =

“,,

has

44

. mo,stC»r.Su Q.c_.o a kk.c:\n&»nb\#? %«.LKA.‘S\. :

A %4, .., % € WF
x,%; ¢ Ve ex |
. xW:/XS .
Nﬁ\ k. <N =9 \/w.urkv\
(=

id NoT NJ%Q\T&.\Nﬁu ) rolucdble

{ 4 #€ (v B h

A

veor

/

3 A qHd)

\

x €NF N

Ve e V(F) M

a  mluhon

(4

ce l

. b ¢un& mmv



.

» What candidale  for 5 ° (o

O. . V_‘_uo TPﬁD\CP.vP -

Wno Ao.S.o._ V..wo u heeore ﬁ.vo& knh@ﬁﬁ?of.??, _

t

propecties Fho D\ZU, w Ao reach vacrdak le s :

o k. > # b— .Mn.».-: Trm 7

Ao Aw
AN 4 \../\ s Q { y
nu) .,vj ~ "
. % > &. | = 3 , € > < < \A
?\ N AW../L:. ._ ! ?.../L; o P
- & > ¢ — Y $ 4 .
\ ? i > 4 4 7>
e/ N S /73

. pfb,@&‘ ﬂ“ u
. mOsx.cSJA .AVQQW u\ﬁ?\.\sn .\m,o es  Case

= ndockive C:%&.@..FM mﬁvxsho_‘mos a Ebl.&'\. :
L. h\ §=t ¢ .Tud (RE)
Hiean TOC wll LCW! ALs \X.Qﬁ

n \wr.c(h?‘ Airne

r.o.br._ bo  the  Feble ¢

= anCO\TﬁmuS
¥ olcse MQ.\.% on

~ ¢t n.\r,_Q.NAO.S



(OERCION VLE 4

Some problems with unification on a lattice of

types (as used in ERIL)
= X:s = o m A v ) '
A.J.J. Dick N U M P .f t.):s W whese MQA/WM
Informatics Divisi ,. . = : .
W:Eamownzwﬂ_hws_” H_.MWM,.EOQ X8 = “°r AUﬁ« : M.o i AN W.)u Ctv’ e
Chilton, oasr%mwz OX110QX £ U =S, = .r- op: § Si—s T

: 2nd »
: £ LS

ABSTRACT

The term rewriting system ERIL (Equational Reason-
ing: an Interactive Laboratory) permits a form of order-
sorted algebra in which the undefined (or absurd) sort is
included as a bottom element, thus creating a lattice of
sorts [CUN85, DIC85] . Each function signature is over- COERCION TRULULE Z2
loaded to allow its sort to vary according to the sorts of its
arguments. The unification algorithm is modified to be
sort-preserving. Implicit in this scheme, is that every

well-formed term, regardless of its static sort, may actually £ U M s = S > .w o _)b\ﬂ.P w. W M‘

be of a lower sort, perhaps even undefined. As a term is
rewritten, therefore, it may be reduced to something of

undefined sort. , E J M%ﬁn =:S ‘d" /. g’
Whilst operationally ERIL seems to be sensible in its Mu Sk W

behaviour, the author has experienced considerable diffi-
culty in finding a sound theoretical model of the method.
The problem lies in the nature of the underlying equational
logic, in which the satisfaction relation is not transitive.

CUNS85. R. J. Cunningham and A. J. J. Dick, ‘‘Rewrite Systems on a
Lattice of Types,’’ Acta Informatica 22, pp. 149-169 (1985).

DIC85. A. J. J. Dick, ‘“‘ERIL - Equational Reasoning: an Interactive
Laboratory,”” Rutherford Appleton Laboratory, Report RAL-86-
010 (Mar 1985).
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ORDER SORTED EQUATIONAL
UNIFICATION

{
eke wed
Claude Kirchner —\/. O
CRIN INRIA
BP 239 CRin:
54506 Vandoeuvre Les Nancy Cedex '

France (E-mail: inrialcrin!ckirchne) ThRed < (e Aiaa

Y

Abstract

Order sorted unification is studied from an algebraic point of view.
We show how order sorted equational unification algorithms can be
built when the equational theory A is sort preserving, that is such that
any A-equal terms have the same lowest sort. Under this condition the
results obtained in the unsorted framework extend without major dif-
ference to the order sorted one. This concern in particular combination
of unification algorithms. An important application is order sorted as-
sociative commutative unification for which no direct algorithm was
given until now.

This is a preliminary announcement of results; much of it is work
in progress.
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UNIFORM CONCEPTION OF
UNIFICATION PROCEDURE

UNIFICATION ALGORITHM

TRANSFORMATION ALGORITHM ’
(from any kind of equation
to a set of equations of the form x == t)
+
RESOLUTION OF SYSTEMS OF
EQUATIONS OF THE FORM

X ==

57

The first goal: SIMPLIFY
— 3 transformations:

e DECOMPOSITION
(simplify without taking into account the
axioms)

e MERGING
(merge the constrains)

e MUTATION
(simplify with respect to the axioms)



THE COMPLETE THEORIES

e theories for which the resolution of equa-
tion of the form z ==t is decidable.

THE STRONGLY COMPLETE THEORIES

e theories for which any equation z ==t has
an CSU which eiements o are all such that

D(o) = {z}

Example: AC, C, minus:
((=(-2z)) =z and - (z+y) = (-y) + (-=z))

but for example if A = {a 4+ b = a} then the
equation
z + y == z has A-solution {(z «— a),(y < b)}.

+
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THE STRICT THEORIES

e ¢ < € iff there exists a variable z in V (e) and
a term t' in ¢ such that z € Var(t).

e A is strict iff +
(S has A-solutions) = (< is a strict order on

S)
e permutative = strict

e For A= {z*0 =0}
e = (2 == y * z) has for A-solution (z « 0)
ande<e

+



RESOLUTION OF FULLY DECOMPOSED
UNIFICANDS IN STRICT AND STRONGLY
COMPLETE THEORIES

Let S a system of multiequations,

IF one can sort in decreasing order

with respect to < the elements

of S (let Q = {es,e2,...,en} the result)
THEN the set of all the o = on...02.01

with o; € QMQAQ?\»V is a CSU of S,
ELSE SU(S,A) =0
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ABSTRACT

UNIFICATION IN AN ORDER-SORTED CALCU I US WITH DECLARATIONS

This talk presents unification in order-sorted term algebras (with no
additional axioms) where the syntactical sort of a term is defined not by
function declarations (i.e., declarations of the type f: S1xS2x...xSn —»Sn+1)
but also by explicit term declarations (i.e., declarations of the form t:s
which means term t has sort S). This extension is equivalent to
unconditioned sort-constraints ¢ Goguen & Meseguer, but preserves
computability of the sort of a term. In order-sorted term algebras with
finitely many term declarations a minimai set of unifiers exists, is
recursively enumerable but may be infinite, but unifiability is undecidable
in general.

We exhibit some subcases of linear signatures (i.e. in every term
declaration t:S the term t is linear) that have a decidable unifcation

problem.

R

| Gimnnzoa in an Order-sorted Calculus
° - withDeclarations

Goguen:

Wadge: |

function Qmoﬂﬂmmosn
f:$;x...xS,— § = f(xs,,..., Xg):S

term declaration: t:S

4

Example: -

. Specification of even numbers:
EVEN = NAT

0:EVEN

s:NAT — NAT-

S(S(Xgven)): EVEN .

90 e

even ground terms: 0, s(s(0)), Whﬁ.ov

6L



The sort of a term is defined recursively: Qﬂo\s o1 wuctom o\ ._imm-\?\mn\ teca s

o ,w £ Tere m????ek —) m,\..u%

For finite signatures: L+t 4
The sort of a term is decidable and !
computable in linear time.

well-sorted terms Ty = {t 1 Sg(t) # @} X3 \m

well-sorted substitutions o:
S(x) € Sy(ox) for all x.

Requirements: L wll- sorted  tub st vlioa v
T; subterm-closed. A i C
T regular, i.e. every term has a xS = ot
minimal sort

is a free algebra.

T
T, 1s the initial algebra.
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Matching and Unification. Cuowa Signatures:

t:S only for linear terms t.
Prop: Matching is decidable and has linear In o_o:goﬁ.m&\ .mmmamaao.mu | o
P ooBonwa | Unification is decidable and finitary.

Theorem: - : Complexity for elementary signatures:

i) Unification is not of type O. | Unification is linear for simple signatures

ii) Minimal unifier sets are recursively Unification is NP-complete for nonsimple

enumerable signatures.

iii) It may be of type oo. The number of unifiers may be

iv) Unification may be undecidable exponential.
Example for unificaiton type oo [f the signature is linear, then linear unification

problems are decidable.
NATc= INT,

0:NAT, If all function symbols have arity < 1, then
s(0): NAT unification is decidable.
S( :NAT |
(5 Gar) i If declarations are of the form:
(s(xnar) E NAT) i(x,x,,2(a)):S,

has the infinite set of unifers: ; then unification is decidable.

{0,s(0),s(s(0)),... }.
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Properties of a a calculus with declarations:

‘Order-sorted resolution is complete.

Order-sorted paramodulation is incomplete:

2:={ B,Cc ?
f: AXA — A,BxB — B

CxC — B
h:B—B
b:B, c:C}
{b=c
h(f(b b)) # h(f(c ¢))
X=X }

is unsatisfiable, but not refutable.

Term rewriting systems:

- Requirements:
Sort-preserving:
s —gt should imply LSs(s) 2 LSs(t).

Theorem: If R is
1) sort-preserving,
1i) critical pairs are confluent
i1) R is terminating
then R is canonical.

Proposition: If X is linear, then
R is sort-preserving, if all
critical sort-relations are satisfied.

critical sort-relation:

oﬁimw _9 a subterm of t, rewrite
t—t'.
LS(the S isthe

ritical sort-relation.

.
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M not linear,

,mxmgﬁ_o INT, NmWO Z>_H

S,+,-

(x —x): ZERO ,‘
(s(0) + s(0)) e@e?maé oﬁm_o._n ZERO.
(s(s() - Am@ +s(0))  ofsortINT
($GO)-s6s0) . ofsort ZERO

Idea: parallel term rewriting on the same term.

Theorem: If R is
i) (parallel) sort-preserving,
i1) critical pairs are confluent
iii) R is terminating,
then R is canonical.

Proposition:
R is parallel sort-preserving, iff all
parallel critical sort-relations are satisfied.



Feature Unification

Gert Smolka, Universitaet Kaiserslautern, West Germany
Hassan Ait-Kaci, MCC, Austin, Texas | Mﬂmw >..—4C~N—w czaﬂﬁu »PH;HOZ .

Feature terms are record-like data structures for knowledge
representation. Unification of two feature terms computes a new feature
term representing their combined information. Feature terms and their
unification are employed in grammar formalisms in computational
linguistics and in the logic programming languages LOGIN (MCC) and CIL
(ICOT).

We give a semantics of feature terms using order-sorted equational
logic. This semantics accommodates feature terms as the syntactic .Qﬁnon mEC——mﬁ
representation of certain equation systems, thus providing for meaningful ,
initial models and the coexistence of feature terms with ordinary terms. !

| | Universitit Kaiserslautern

Based on our semantic reconstruction, we generalize the notion of
unification such that it accommodates feature unification. Unification is
seen as a constraint solving process, which simplifies the equation ; : , !
system to be solved until it either detects inconsistency (no solution) or and

arrives at an equation system in solved form (at least one solution).

~

Hassan Ait-Kaci

MCC

6 #



An Inheritance Hierarchy

oE%&.&mﬁ:»ﬁ

iiouse[town:string]
vehicle[speed:nat] machine([fuel:fueltype]
car

N\

gas_car[fuel:gasoline] = electric_car[fuel:electricity]

fueltype

VRN

gasoline electricity

68

Feature Terms and Feature Unification

machine[age = 5, fuel = m_nn:mow.ﬁ
+.

vehicle[age == N:nat, speed = N]
car[age = 5, speed = 5, fuel = electricity]

Feature terms represent information; ,
feature unification is an information combining operation.

Hassan Ait-Kaci, PhD Thesis 1984
presents feature terms and feature unifieation in a
lattice-theoretic framework.



What is Feature Unification good for?

Logic Programming

- LOGIN (Ait-Kaci and Nasr at MCC)
- Unification Grammars
- Object-Oriented Programming

i nowledge Representation

- Frames, Semantic Networks, Inheritance

{:eneralizes Ordinary Unification

f(a, g(b,x))
f[ll=a,2 = g[l =b,2=xl]]

- arity of functions becomes flexible
- functions turn into typesfumetinms that are

partially ordered.

What has Feature Unification to do

with Logic?

- Semantics? Models? Initial Models?
- Completeness and Soundness Properties?

- What about combination with existing operational

methods like rewriting, narrowing, theory vnification?

These questions aren't answered in Ait-Kaci's thesis.

in the Summer of 1986 we came up with the ideas for

a reconstruction of feature terms and their unification in
order-sorted Horn logic. This reconstruction provides a
well-understood semantical foundation.and answers the

questions raised above.



Order-Sorted Horn Logic

definite clause logic with equations and subtypes

Some historical remarks:
- Order-Sorted Algebra

Goguen 1978
for use in algebraic specifications

cee

Meseguer, Jouanaud, Smolka, Kirchners
- Order-Sorted Unification

Walther 1983
for use in automated theorem proving

soe

Schmidt-Schaufl, Cunningham and Dick

- was actually invented by logicians before the advent
of computer science: Arnold Oberschelp published
1962 in the Mathematische Annalen a paper
describing a predicate logic with subtypes and
multiple declarations.

Abstract Syntax

Declarations . .
g<n subtype declaration
f: & En > & function declaration
P: Epeee G relation declaration

Hignature X : set of declaraticns

~-Variables
H,Hm._‘__:m..

. Atoms

v Goals

. Clauses

Specification

X,¥,Z TX:typeofx

X, F(SiyeesSp) TS ¢ least type of s
s=t, P(Sys-+sSp)

P, &..&P,

P« G

MH,AMwﬁ.v



Models and Homomorphisms

A Z-model 7 consists of denotations &4, f4, p4 as

follows:

» &4 is a set; the union A:=UU £ g 1s called the carrier

of 7
it (S<meZthenEacn g

I 7is a partial function All » A

F(f:ion)e X then fgis defined on Egand f4 (Eq) < 1 4

] ﬁcg. c >~1

« X-homomorphism from 2 to 8 is a mapping y: A — B

~:uch that:

s S
1Sq)c &g

- I'f7is defined on D C A then fgis defined on Y(D)

A *.‘_u« :vvﬂﬁ@..«;\ﬁmvv

TG R ekl vee T 3 e A sy s -

"HEOREM. Every specification

s s+ T A bpw-.

+lidity 5 & G is defined as usual.

R AR ik

ha

R

s an intial

PE—

s

model.

1

¢ ‘onstructor-Oriented Type Definitions

~ nat
. N

7ero posint

.wgint<int, zero<nat, posint<nat, nat<int
- : zero, s: nat — posint, -: posint — negint

llllllllllllll

int = negint + nat
negint := {-: posint}
nat ;= zero + posint
v = {o}

v:osmt := {s: nat}

<onantics: free initial algebra
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i'eatures(=: Selectors)

\:: // 1..3»
negint nat
\ N
\ . Zero posint
- \t
absva{ue

pred: posint - nat
pred(s(N)) =N

absvalue: negint — posint
absvalue(-PV = P

~itare Term Syntax

0 zere
s(0) posint[pred = zero]
$(s(0)) posint{pred = posint|pred => zero}]

-5(0)

.
e

negint[absvalue = posint[pred = zero]]

2

SN .N.cﬁnmh

:o:%:ci:ﬁ:.msm_\..w

).
m.mtwﬂ.:

,d., ..,..,M.,..,wuﬁﬂ .ﬁkoﬁm : _

s L e s, 1 o

object[age:nat]

/N

machine[fuel:fueltyp:

vehicle[speed:nat]

N
N

— -

gas_car[fuei:gasoline], electric_car[fuel:electricity] -

fueltype

gasoline ¢ electricity

s -
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Oo:ﬂn:a??@la:ﬁmn Definition
of the Inheritance Hierarchy

object := house + vehicle + machine

house := {con_house: nat x string}

vehicle := car

machine := car

car := gas_car + electric_car

aas_car := {con_gas_car: nat x nat x gasoline}

olectric_car := {con_electric car: nat x nat x electricity }

fueltype := gasoline + electricity
¢asoline := {con_gasoline}
clectricity := {con_electricity}

age: object — nat
age(con_house(A,T)) = A

age(con_gas_car(A,S,G)) = A ‘ Projections
age(con_electric_car(A,S,E)) = A -

firel: machine — fueltype -Multiple

fuel: gas_car — gasoline Declarations

fuel: electric_car — electricity
age(con_gas car(A,S5,G3)) =G
age(con_electric_car(AS,E)) = E

73

Feature Terms are Syntactic Sugar

M = machine[age = 4; fuel = electricity]
V = vehicle[age = N:nat, speed = N]
M=V

..get rid of feature term syntax
age(M) =5 & fuelM) =E &
age(V) =N & speed(V) =N &
M=V
where M:machine, V:vehicle, E:electricity, N:nat

i

feature unification

IA

¥
M=V =C&

age(C) = 5 & speed(C) =5 & fuel(C) = E &
where M:machine, V:vehicle, E:electricity

ga.back to feature term syntax

W ey

X

M =V = car[age = 5, speed = 5, fuel = electricity]

13



Unification as Constraint Solving

$=Z 0 specification

VAR =PVY AV Pprimary and auxiliary variables

U (E) :={Blpy | Sk 0G}

pean e e e

- ucial Question: Is U < (E) nonempty?

-

Define solved form for equation systems and
constraint solving rules E - E' such that:

t. if E is solved, then U (E) is nonempty

if E - E', then Ug (E) = U5 (E")

& Completeness: if Ug (E) is nonempty, then there exists
a solved equation system S such that E —»* §

Effectiveness:
(a) E - E' ierminates
(b) it is decidable whether E is in solved form

14

4

1. mﬁ::w_m_

2-Unification where X is single-sorted

e Eisin solved form if E is the equational representation
of an idempotent substitution: x,=s; & ... & x,,=s,,.

» Constraint solving rules {Herbrand 1930]

Decomposition
f(SyseeesSp)=f (t1p0est) & E — 5=t & ... & 5,=t, & E

Isolation
x=s & E — Xx=s & E[x/s]
if x occursin E but notin s

Orientation
S=X& E - x=s&E

Elimination
=& E — E

(Constrained-oriented approach to unification was
rediscovered by Huet, Colmerauer, Martelli/Montanari, ...
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e s T e,
i 2

N mﬁ:s_u_m. Feature Cs_mnmrcz |

e e,

solved Form:
X175, & o & Xp=Syy & Li(yp=t; & . & 1(y,)=t,,
where m,n = 0 and
Xyee0sX;, OCCUr only once

1,(¥seesln(y,) are pairwise distinct quasi-variables

|38

T <Tx; and T4 < Tl(y; for alliand j

b

no cycles

iv) is called le if 1 is a feature function and x

is a variable

fv ﬁ@nof?\o,mas m:su QQ mm.»ﬁhésm, Smo @,m
?23

mms\%m:e_ = Qan. m:s)

Ov w.cﬁm'cpﬁ,pwmm = Qan-ferin,

t5

Feature Unification Rules

Decomposition
(S ppeeesSp)=f (gseensty) & B = s12t; & oo & 5,=t, & E

Isolation
v=s & E — x=5 & E[x/s]
it x occurs in E but not in s and ts<tx

=y & E — x=z & y=z & E[x/z, y/z]
it not ty<tx and z is a new auxiliary variable such that
7z is is the greatest common subtype of tx ancd 1y

Ix)=y & E - I(x)=z & y=z & E[y/z]
if not Ty<tl(x) and z is a new auxiliary variable such
that 7z is the greatest common subtype of tl(x) and Ty

S lerging

S 2 e

iINV=s & IX)=t & E — l(x)=s & s=t & E

{srientation

S S —t

X&E 5 x=s&E

if s is neither a variable nor a quasi-variable

iimination

A ey e, et

X & E = E

17
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Feature C:Enwao: is better than

Narrowing

~

Frature unification is unitary.

Order-sorted unification and narrowing aren't unitary.

age: object — nat
age(con_house(A,T)) = A
mmm?o:lmmmlnml?m.ﬁvv =A
age(con_electric_car(A,S,E)) = A

~ N “
Netoy =11 7/

—_— Nzab %pm ﬁpmr = JQ
5 (O = oos-f??&iﬂﬂv
v 0= ton_qascar (1,6, €)
v 0 = Contleclric_car (1,5,E)

76



Order-Sorted Normalizing Basic Narrowing

Gert Smolka and Werner Nutt

Universitat Kaiserslautern, West Germany

We present a constraint-oriented narrowing calculus, which realizes
Hullot's basic narrowing strategy in a natural way. The calculus is based
on orded-sorted equational logic and applies to rewrite systems that are
type-decreasing, confluent and terminating.

The calculus is optimized by adding a rule that can be used to rewrite
the equation system to be solved. This rule keeps the solution space
invariant. We prove the completeness of the thus obtained combination of
basic and normalizing narrowing.

In general, order-sorted unification isn't unitary, thus blowing up the
search spaces defined by our narrowing calculus. To avoid this problem, we
consider so-called stratified rewrite systems, for which our calculus

requires unification only with respect to a subsignature.

77
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Improving basic narrowing techniques

Pierre Réty

Centre de Recherche en Informatique de Nancy
BP 239
54506 Vandoeuvre Les Nancy Cedex
France
E—mail: mcvax'inrialcrintrety

Abstract

In this paper, we propose a new and complete method based on narrowing for solving equations in
equational theories. It is a combination of basic narrowing and narrowing with eager reduction, which is not
obvious, because their naive combination is not a complete method. We show that it is more efficient than
the existing methods in many cases, and for that establish commutation properties on the narrowing. It
provides an algorithm that has been implemented as an extension of the REVE software.
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Narrowing optimizations

Peter Padawitz

Universitit Passau

Narrowing optimizations are goal transformations applied to subgoals produced by narrowing
derivations. The purpose is to speed up the deduction process. Various optimizations have been
discussed in the literature (cf. Fribourg, Hufmann,...). We give a local correctness condition for
optimizations, which guarantees that narrowing remains sound and complete when equipped with
optimizations. Since locally correct optimizations are closed under composition, soundness and
completeness holds true even if several optimizations are applied at the same time.
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A.Bockmayr i Inductive Narrowing

(A. Bockmayr)

KAP - PROLOG - GROUP

The aim of this talk is to investigate the behaviour of the narrowing algorithm when it is applied to
typical functional programs. We introduce the notion of a function inductively defined over a set of
constructors C and show that for these functions the narrowing algorithm is a variant of the trivial )

universal unification algorithm that enumerates the term algebra T(C,X). Moreover there are several . _A>_U

inefficiencies in this enumeration process.

METHODS AND TOOLS FOR THE OPTIMIZATION
OF LOGIC PROGRAMMING LANGUAGES

UNIVERSITY KARLSRUHE
DFG SONDERFORSCHUNGSBEREICH 314

A. Bockmayr

N. Lindenberg

B. Neidecker
l. Varsek

GMD RESEARCH INSTITUTE
AT THE UNIVERSITY KARLSRUHE

R. Dietrich
P. Kursawe
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A.Bockmayr 2 Inductive Narrowing o A.Bockmayr 3 Inductive Narrowing

NARROWING STEP

W

t N-ot— t" means

that there are
“an occurrence u in t

arulel—>r
such that
t/u and | are unifiable with mgu o o |
6 = ot U o] where D(ot) € V(t) and OBSERVATION
D(a)) & V() . | | .
t'=ot(t) [u <~ oy(n] 4 | 7

The composition of different (single step) narrowing

substitutions oj may lead to the same total narrowing
substitution o.

ot narrowing substitution

OBSERVATION

Different occurrences or different rules may lead to
the same narrowing substitution ot

g6



A Bockmayr 4 Inductive Narrowing

@@yz_@ﬁ ES

Addition and multiplication

plus(0,x) —> X, .

plus(s(x),y) —> s(plus(x,y)) ,
plus(x,0) —> X,

plus(x.s(y)) —> s(plus(x.y)) ,
mult(0,x) —> 0,

mult(s(x),y) —> plus(y,mult(x,y)),
muit(x,0) —> 0,

mult(x,s(y)) —> plus(mult(x,y),x) .

plus and mult are inductively defined over {0,s} in the first
and second argument.

g7

A.Bockmayr __5 inductive Narrowing

Concatenation of lists

“append(nil, xv —> x
mvum:&ooaﬂm.xv V —> oo:mAm muum:&xk:

.

append is _:acﬂ_<m_< am_ﬂ_:ma o<m_. Oo in the first
argument. _ . er

ConnY
Size of a binary tree

mmN_m (make(n)) |v s(0),
size(cons(l,r)) —> plus(size(l),size(r))

size is inductively defined over {make,cons}.



A.Bockmayr

Inductive Narrowing

A function fe U_Tm#..mBI.Vm_Bw# is called |

o-inthe
ith argument , i€ {1,...,m}, s; e Sy, iff for all constructors ¢ e Co.c:897...50 —> 5,
nz 0, the following condition holds:

1. ¥n>1and {i1:-- ik} =def {i€ {1,...0} | .m_..m Sol#2
then there exists a rule in R of the form

X X0 CY 1Y) X goeee Xy ) =

t{ ﬁ_.Lxd veees Xjeq s Yjts Xis1se- Xm ) I *_.xﬁx?.:. Xi—1, Vi Xie1s

< Xm) )
where

i..m f are inductively defined functions over Cp in the i~th argument of arity
$1---5i=18jq Sis1---Sm—> Sjq
the Xp (resp. <_.v are pairwise distinct variables of sort Sp (resp. m_..v and
tisaterm of sort s.
2. ifnz1and {je {1,...n}| sj'eSp}=0
then there is a rule in R of the form
f(xq,... %1, CY4r¥nh Xigqreens Xm) —> t

s\jma:a xv c‘mmv. <_.v mﬁmvmm:z_mm&m::oZmamv_mmo*wo: Sp ?mmn. mw.v m:a
taterm of sorts.

3. 1f n = 0 then there is a rule in R of the form

X0 X1, € X g e Xm) —> t

with pairwise distinct variables Xp of sort Sp and atermt of sort s.

98

inductive Narrowinia
8

A.Bogkmayr

THEOREM

. RPN m such
Let R be a regular canonical §3 rewtting syste
that all left-hand sides are of the form

£(X1s- - - Xi—1 .og oY) Xik 1o Xm)

, >1and
with some feD i€ {1,....m} .omo. ,nz20,m
pairwise distinct variables xp andyj.

i ubset of C. . .
LetCo Wo w :M: mMﬁQ McM m > 1, be a function inductively
Letfe D,1:84..5m™~ 21"~

defined over Cg in the i-th argument.

_ . there is
Then for any constructor term € e T( Co,X) of sort Si
a narrowing derivation

£X4,...xm) N—Ixi/ck—> 1,

with some termte T(F,X).



A.Bockmayr 9 Inductive Narcowing

INTERPRETATION

-- For functions inductively defined over some set of
constructors C we can determine a priori the
substitutions that will be generated by the narrowing
algorithm.

~ Essentially the narrowing algorithm generates the whole
constructor term algebra T(C,X) and is therefore a
variant of the trivial generate-and-test algorithm.

— The enumeration as it is dope in the NARROWER is not
direct. Therefore the same narrowing substitution may be
generated in many different ways.

SRR,
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A UNIFICATION ALGORITEM FOR

CONFLUENT THEORIES

- Steffen Ho6lldobler
Universitidt der Bundeswehr Miinchen
Werner-Heisenberg-Weg 39

D-8014 Neubiberg
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INFINITE

f 2 c(f)

——

<{x=c(X)>INFINITE

{v=f} iz a solution !

UNIFICATION PROBLEM:

<s=t>p
Solution

Jo: Ir: oa—¥r A ot—%r

- Decidability Problem
Existence Problem

Enumeration Problem

Ao 4
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EQUATIONS
trivial equation: ={t}

non-trivial equation: ={s,t}

' “ﬁNv%v = ﬁ”wﬁvv
{x¢a,y¢b}
{x¢b,y¢a}

A0

CONFLUENT THEORIES

EPR = { l=r¢ | PreR Ju ﬁAﬁvsaﬂvnamvw

Theorem:
© is a solution for <s=t)p iff ¢ is a correct

answer substitution for EPpu{e¢s=t}

\
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f(x) > b




« h(f(a))=h(b)

la

« f(a)=b

7 Ao4

c(x1)=c(y1) €« x1=y1

{xec(x]),y1¢f(c(x1))}



FAILED OCCUR CHECK 1

If xeVar(h(ti,...,tpn)) then
eDu{x=h(t],...,tn)}
—r1  {xeh(x],...,xpHDu{xj=tj!1<i<n})

e x=c(f(x))
FWH {xec(x1)}
e x1=f(c(x1))

£ aE

€ xX=Cc =c(f) €

{xef}

o



Theorem:

1f there exists a refutation of EPpu{¢D} wrt the

FAILED OCCUR CHECK 2 resolution rule and computed answer substitu-
I ]
f xeVar(h(t],...,ty)) and s>h(sy,...,sp)eR tion e, then there exists a refutation of Ru{¢D)
then

Dufx=h(t],...,tg)} writ RULES. Furthermore, if ¢ is the computed

—12 ¢{xes}(Du{sj=t;!1<i<n)}) si1swer substitution of the refutation of Ru{¢«D}

wrt RULES, then e is an R-instance of -.

L o %Howxw
£2 {xef}
© = \L.GORITHM 1:
L‘w ' “ind all computed answer substitutions for
o refutations of Ru{es=t} wrt RULES

 Aos



IMPROVING THE ALGORITHM

Simplification of a goal clause:

apply —3¢,; —3v, —t a8 long as possible

13

Ao¥

“.Enﬁuv, -3 xn‘wﬁw?,anv.v
first(0,y) » 1
first(s(x),y:z) » yifirst(x,z)

(1)
(f1)
(£2)

1y
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¢

&
A

- first(2,int(0))=0:u

p(f2)

- 5(s(0))=s(x),int(0)=y:2z,0:u=y: first(x,z)

d
s(0)=x,int(0)=y:z,0:u=y: first(x,z)
v {x¢s(0)}

int(0)=y:z,0:u=y: first(s(0),z)

d
int(0)=y: z,0=y,u=first(s(0),z)
v {y<0}

int(0)=0:z,u=Ffirst(s(0),z)

v {uefirst(s(0),z))}

int(0)=0:z

5 40g

&« mwﬂmﬁmm.wbﬁhcvvncum

p(fl)

€ s5(s(0))=0,int(0)=y,0:u=[]

failure



S-DERIVATION, S-REFUTATION

ALGORITHM 2:

Find all computed answer m&taﬁ»:&oam for s-re-

 futations of Ru{esct} wrt {—e—pr1 12

« first{2,int(0))=0:u

T:E p(f2) {uefirst(l,z)}
N 2
Ya1lure « 0:z=int(0)
QEC {zeint (1)}
o {uefirst(1.int(1)))
VROCETDURE  |WVOCRTIOW
¢ Afs, a8 O e wes vaslad
w ! X progtam clote dlhew

¢ o
P ..u_'.amﬁhI»

\ . A
ST I Y R S G ST
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Lazy E-Unification. A Method to Delay Alternative Solutions

Hans-Jiirgen Birckert, FB Informatik, Universitdt Kaiserslautern

Abstract

One of the most unsuitable properties of E-unification is the existence - -
of more than one most general E-unifier. We want to present a general h q“k‘
method to delay these alternative solutions in the context of Logic .\ . .
Programming, m,:om, there it will be most problematic. The idea is to be : re
lazy in unification, that is to unify at most those parts of a unification ‘QN&Q“°$
problem that will not split up the solution space [Ohlbach], [Biirckert]. The ' . v
partial unifier will be used for resolution and the remaining part of the ’ : :
unification problem will be kept in memory. If the empty clause is derived,
the collected residues of the unification problems will be totally

E-unified. If they are not E-unifiable, backtracking takes place.

Ao
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"Symbolic Computation and Architecture Research in the ISA
project at MCC"

Hassan Ait-Kaci

Roger Nasr (Speaker)

Abstract

The I. S. A. group in MCC's Al Program is in the third phase of a research
project developping language and architecture support ﬁmo::o_mo._mm for
symbolic computation. The target computation model embodies the
integration of logic programming, functional programming, and typing
ideas (mostly concerned with partially-ordered type objects and
inheritance among them, but not excluding polymorphic types and related
issues).

Our work is essentially based on generalizing the notion of Unification
from what it is on first-order terms to various similar syntactic
algebraic structures. Depending on the richness of these syntactic
algebras and their corresponding special-purpose "unification” operation,
this method provides the key to inject more "semantics" into syntax for a
large class of logic, algebraic, and functional computation.

The talk will summarize the research completed to date and will give a

glimpse into plans for future work.
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Unification in Varieties of Idempotent Semigroups.

F. Baader

We have classified all varieties of idempotent semigroups with
respect to the unification types of their defining sets of identities.
Almost all of them - with the exception of eight theories which are
finitary unifying - are of unification type zero.

This talk gives a short survey of two methods used in the proof of

these results.

s a

E st of fdentitles .

/
equa lity of terms induced UY E.

[EH

V4 ?..\tw set of wvariables .

e 6, (M) xO,=.x6, foral x €\,

(=

Y Mf\ev JA e, = @voy,

DS set of most general
E- unifiers for st .



-

1 uiize of Jdempotent Semigroups

set of idenHtes UsV where UVeX™
¥ is a countable set of veriables .

class of all idempetent semgroups
satisfying each identity of €, {.e. the
/\oa\ﬁ‘.v. of idempotent mﬂgﬂwqocnﬁ olefiad
by £. |

ard , Fannemore, Birjukov :

Any varichy of idempotent semigroips
may be defined by exacHy one idenkiby,

{atermination of the lalkica B of all
vanehe. of tdempotent szmigroups.
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The unification types of all varieties of bands.
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.« linidary ond Tinitary Theories

The eight varieties n.Em..\anm by .5& unvtary &3&
finitary theories constitute a sublaffica of B,
i.2. e beolean lalice ok generated by the
Hree oloms of B .

. 4 have treated the atoms [L2T,CRZZ,
CACLD direcHly

,

»
- The other theories are “joins of the atorms ™.



We have o consider the following situahon :
re” r = 4 = \ .
Fre, 1+~ CE] [ETD, ie. m...\.Ju.mu.“ =
Provided £,,E, are finitary, is & finitory +oo 2

5
N,

Suffiz'ent condition on which the angwar is yes :
Let Vs be afinite set of variables; £, E,, E,

ue above

AP ETNS

Fe all subsHbutions u there exist finite sets

- wsHEsHons Z (p), T, (u) such Hat
A e 5 (p) 0 ' g p Ve (i=4,2)
(% ¥ © A suchthat Bxge po X (M) 4here

ot e T(p) and Nuwih B e N (W)
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F ks
Tt sion

Let E,, E, be finitary and [ET=[ €]V [E,].
3f fer all finfte sets of variables¥y e
conditicn holds than  E s finibary 4eo.

R

2t £., &, are unflary and +he sets ¢ (u)
i sinetons | then E fs alse unftary.
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We construct a et M@:. n v&-w of unifiers
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Applications of Boolean Unification ; _”“: m.,.:
3 3 R H . STV T9T)
in Logic Programming ; AAAANRALLA

Helmut Simonis
ECRC
Arabellastr. 17
8000 Miinchen 81

B o S

]
R
=

in Logic Pro m. m .. g

Abstract

The boolean unification algorithm of Biittner and Simonis has been H. Simonis
incorporated into a PROLOG system. Since boolean unification forms a
unitary theory, only one mgu has to be computed. The system has been used

on various applications in the hardware domain :

- Simulation

- Verification \,

- Simplification European Computer-Industry
- Synthesis N arabellastr. 11

- Debugging D-8000 Muenchen 81
West Germany

of digital hardware. Examples include the proof of correctness for a

complete 16 bit microprocessor described at the logic gate level.

A3k



18/03/87 ECRC

Boolean Unification

Unitary Theory Aon_uﬁcsm Bnﬁv
Possibly exponential growth of terms

Normal form of terms as sum of products

(XOR, AND)
Stepwise elimination of variables

Implementation in C inside a Prolog-System

43¢

ECRC

Application Areas

Digital Hardware Design

Simulation (Executable
Specifications)

Verification (16 bit microprocessor)

Synthesis (PAL  equations from
truth tables)

Simplification (Design Rule Change:
ECL --> MOS)

Specialisation (Adder --> Increment)

.P_mou.?rgmn Uovcmmmsmm
(Shapiro/Lloyd) :



18/03/87 ECRC

Hardware Description_in Prolog

XOR-Gate as a Network of CMOS Transistors

1o |

[L

xor (N,A,B,X) : -

p switch([1|N],1,A,T1),
n switch([2|N],0,A,T1),
p switch([3|N],B,A,X),
n switch([4|N],B,T1,X),
p_switch([5|N],A,B,X),
n switch([6|N],T1,B,X).

18/03/87 ECRC

Hardware Description in Prolog

CMOS Transistors modeled mm. ideal switches

p_switch(N,D,G,S):-
eqD#D &G , S#S&G).
\* G = D=S *\

n_switch(N,D,G,S):-
eq(D& G, S & G).
/¥ G =D=8S */
. Predicates Describing Components

. Wires Modeled with Shared Logical
Variables

. Hierarchical Description of Modules
. Multiple Outputs
. Bidirectional Components

. Tristate Busses



18/03/87 ECRC

Example: Verification of XOR-Gate

T4

1
S : WWI
il

|

p_switch(N,D,G,S):-
eq(D#D & G,S # S &G).
/¥ G = D=S */

n switch(N,D,G,S):-
eq(D & G,S & G).

/* G = D=S */
Values of the variables after each step
1) Tl = 1# a# Aka
2) T1 = 1#a
3) X = b # C&a # a&b
4) X = b # C&a # a&b
5) X = a# b # Dka&b
6) X = a#b

i L g
i e s I IR

B "~ GRER SIS S 25t O S

£ e
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18/03/87 ECRC

Conclusion

Advantages of Prolog with Boolean Unification

. Relational Form and -

Logical
Variables allowing

Multiple Outputs
Bidirectional Switches

Tristate-Busses

. Boolean Unification allowing

Simulation
wmaﬁ:mnmnmni

Equation Solving
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Ay 4

SIEMENS AG . .
Corporate Laboratories for Information Technology

Munich
Dr. W. Buttner

Abstract:

ON NEW UNITARY UNIFICATION THEORIES AND RELATED APPLICATIONS

In the past unification theory has closely investigated basic theories i.e. empty
theory, associativity, commutativity, idempotence etc., which represent basic
features of general domains. If the size of the set of most general unifiers serves
as a quality measure, most of these theories behave poorly. Compiex theories,
modelling domains more faithfully, can be constructed from basic theories. In
general, these complex theories will enherit the drawbacks of their building
blocks.

There are however exceptional cases, where the building blocks mutually cancel
out their unpleasant features and produce a “tamed”, unitary theory. Examples
of such theories of considerable practical.relevance are provided by the algebra
of functions: Am » A, where A is the 2-element boolean algebra or - more general
- a finite chain or - generalizing boolean rings - a finite field.

Putting the corresponding unification algorithms into a Prolog system provides
an extended Prolog suitable to deal with

o digital circuits, sets, formulas of propositional logic, linear algebra over
GF(2) (in the boolean algebra case)

° applications of multivalued logic (in case of a chain)

o applications of linear algebra over finite fields i.e. error correcting codes,
finite Fourier transformation (in case of a finite field).




SIEMENS

(Fn, +,--): = ({0,1H0.13n, max, min, 14()) , Fn = <X1,...,Xn>

Atom in Fp = product of length n of free generators or their conjugates
Every fcFn is (unique!) sum of atoms; x1¢F2 = x1 =Xx1X2 + X1X2;
X1¢F3 = X1 = X1X2X3 + X1X2X3 + X1X2X3 + X1X2X3

fcFn, An(f): = set of atoms generating f

A2(x1) = {x1x2, x1x }

An(1) = {Atoms in Fp}
Fn 31H~A>=A$V
Which functions from A,(1) to Fm extend to homomorphéisms from F, to Fy ?

Unification in Boolean Algebras 1

A4



SIEMENS

1 Any function which maps the elements of An(1) onto the elements of a partition
of Fm extends to a homomorphism.
Conversely all homomorphism from Fn to Fm arise this way (Note: At this point
Fn, Fm may be replaced by arbitary boolean algebras)
Fix r constants among the free generators of F, um:mqmz.:u Fr =AcFn.

” ~ ”n “3 ~ m—-">mm3|

e Any function which satisfies 1 and maps An{a) onto Am(a) for all acA extends to a
constant preserving homomorphism from Fp to Fp,.

Conversely all constant preserving homomorphism arise this way.

Unification in Boolean Algebras 2
A4 3



SIEMENS

Given te¢Fp, find all homomorphisms (: Fn - Fm(m=7?)s.th. ((t)=0
¢ t contains no constants (for t-1 always solvable)
Choose N minimal w. r. t. #{Ax{1)\An(t)) <2N. Then:
Any function ¢: An(1) - Fi{k=N) satisfying e
and y((An(t)) = 0 extends to a homomorphism
¢: Fn - Fi with ¢(t) = 0.

. varigbles
For k =N we obtain mgu's introducing a minimal number of wnifiess if we require

that elements in Ay(1)\A(t) be mapped injectively to Atk o pertiton of T, .

Unification in Boolean Aigebras 3

444



SIEMENS

® tcontains constants generating a subalgebra AcFy.
t=0is not solvable if there is acA s. th. Aq(a)cAn(t).

Hence, complexity of decision problem is #A.
Assume t =0 is solvable.

choose ap< A s.th. # (An(ag) \ An (t)) is maximal
choose N minimal s.th. # (An (ac) \ An (t) < 2N.

Now construct unifiers as above.

Unification in Boolean Algebras 4

ALh



SIEMENS b e 0T et

A aset = X awluonuv v X %
AAM = gt of functions f: Am . A .
AAM inherits algebraic structure from algebraic structure :
on A (pointwise) M
Special cases: A = 2-Elementboolean algebra or . ”u-
finite chain or 4 © .
finite field {(=Atom net i |
M »buta . \u _cv .3 : A, (+) —
MAINRESULT: UNIFICATION IN AAM |S UNITARY =y 2 Veve 8o mee Lo%
(A as above) "
v
APPROACH: PROBLEM REDUCTION TO EQUATION

SOLVING IN ARBITRARY BOOLEAN -—
e(x.) muU + 00 sl

ALGEBRAS 3 aKuJ - U + ﬂﬂ.
§(x) =0
New Unitary Unification§theories and Related Applications ]
e Uai ficetion Lu evithm



SIEMENS

. .
Cachainoflengthe, C: 0<a<... <. (=4

Gn: = {f:C" - C}, (Gn, max, min) = di lattice with 0 and 1 (Stepfunctions).

Note: For u = 2 we obtain the boolean algebra of switching functions.

Any fcGp, is superposition of functions with values 0, 1

S 1 f(xq,...., =C{
- *“ M Qm.ﬂ._.- QmAXn~....~x:v “ °Q§Axd XSV a
mua

(disjoint representation)

Unification in Postalgebras 1

Ay %



SIEMENS

1iff Di(F) (x1,.....xn)ECT

wi= > D) -G where Diff)= ¢
i=1

hencei <j - If) < Ditf) (monotoneous representation)

Note: The functions Di{f) map into {0, 1} and therefore form a (nonfree)
boolean algebra C(Gp).

Unary operators on Gn:

D;j Aa Mmm—dv and

C(f): = Dnlf)
Unification in Postalgebras 2

A48



SIEMENS

(Gn, max, min, C, D4, .. .., Dp) = free Postalgebra in n generators.
Unification in G, can be reduced to unification in C(Gn).
(Any homomorphism : C(Gp) - C(Gm) extends to a homomorphism from

Gn to Gm, and conversely.)

= ci:nm:o:vqov_.o;“ Find &Gn ~ Gm with(t) = 0;

) =0 D{t))=0 - all atoms im D{t) are mapped underZonto 0 (1=<i<n).

Now the unification problem can be pursued as for boolean algebras.

Unification in Postalgebras 3
24



Unification in Functionally Complete Algebras

Tobias Nipkow
Department of Computer Science
University of Manchester
Manchester M13 9PL

January 18, 1987

Abstract

Unification in functionally complete algebras is shown to be unary. Three differ-
ent unification algorithms are investigated. The simplest one consists of computing
all solutions and coding them up in a single vector of polynomials. The other two
methods are derived from unification algorithms for boolean algebras.

There are two applications which are studied in more detail: Post algebras and
matrix rings over finite fields. The former are algebraic models for many-valued
logics, the latter cover in particular modular arithmetic.

Unif; cation  n ﬂ:r%.@i@
mQE\\s*S \tq@n\& el
TLeiy  Products

Tebogs \~\\\u \Q\\
Mavcliester
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Ursula Martin

Tobias Nipkow

UNIFICATION IN BOOLEAN RINGS

In this talk we describe a basic algorithm for unification in Boolean rings,
expressed in terms of exclusive or, and, 0 and 1. We explain how the
algorithm can be transalted to give a unification algorithm for any other
complete set of operators describing a Boolean ring; such as nand for
example. We then go on to describe how our methods extend to give a
reformulation of Herbrands therorem for the first order predicate
calculus, which leads to the formulation of a semi-decision procedure
expressed in terms of unification alone.

UNIFICATION
/N
BOOLEAN RINCS

Urvsuwle. Moavtun
Tobias \<§.\bos\

Compnliv Scanc lept
Qg\&a&m&\ % Man cheolr
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A GENERAL COMPLETE E-UNIFICATION PROCEDURE

Jean H. Gallier and Wayne Snyder!
Department of Computer and Information Science
University of Pennsylvania
Philadelphia, Pa 19104

In this paper, a general unification procedure that enumerates a complete set of E-unifiers of two terms
for any arbitrary set £ of equations is presented. It is more efficient than the brute force approach using
ors arising by rewriting at or below variable occurrences

paramodulation, because many redundant L-

are pruned out by our procedure, complete set. This procedure can be viewed as a non-

Montanari method of transformations on

tic implementation of a generalization of the Mar
‘s thesis [7]. Remarkably, only two new tr.

determi

s its roots in Herbra sfor-

systems of terms [13]. w

formations used for standard unification. This approach differs

s work hec . rather than sticking rather closely to the Marte

approach er [10.11]. we introduce transformations dealing

o we apply it to the problem of hig
R] O

sets of equations.
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Hans-Jirgen BURCKERT

Usually matching is considered as a special form of unification. Hence
most research in unification theory does not consider the problems arising
in matching. After discussing the various definitions of matching in the
literature we compare matching and unification in the more general
framework of restricted unification. Restricted unification is unification
of terms where not all variables are allowed for substitution. Matching
and unification are special cases of restricted unification. We give some
examples where matching and unification behave different especially we
present an equational theory where unification is decidable, however
matching is undecidable in this theory. There are also certain results in
similar behaviour of matching and unification with respect to the
cardinalities of minimal and complete solution sets (unification
hierarchy), if we restrict us to socalled collapse free equational theories.
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Matching by Rewriting

Jalel MZALI

CRIN
Centre de Recherche en Informatique de Nancy
BP 239 54506 Vandoeuvre-les-Nancy

France
ABSTRACT
Our goal is
- First, to axiomatise the problem of matching in an equational
theory

- Second, to orient the axioms obtained into rules

- Third, to compute the system of rules by using Knuth-Bendix
algorithm

- Finally, to compute matchers by normalisation.

We give two examples of computing matchers with the empty
theory and with a commutative theory.

EQUATION
™M e N

EF (™ e N) 2 {T (o™ =, N

N o olired copualion % «, N

SYSTEM

A3



DECOM POSITION

T - m & -
+ C- o ¢ o
/SN /N
o b B A
L8« &) |
L I\
.r\ /u 9\ /T O «, 8 A D &, B
¢ s M. : g (¢t t.)
ﬁon « o) A hu./ < M./J | £ < g rty »HV
;«o a g« Fd, muuuvﬁ&:mnﬁx\m?.ffg _
(o) a ﬁﬁ (* <ra o (y z.q&v
<A7 «B) a1y« &v._ e Fad
y ‘
G2 g ) ot s
¢

.h/on « ) n (g« r% v &

Ao



NON EXISTANCE OF SOLUT IomNS

Fen ¢ FF Exclucif  Symbel
( A.m~mv € mMQ
EF (B(-t:) & %AF: = &

1

MERGIN G

A . ™

4 K B

“ & ©

At]




MUTATION

£F ()

€F (D)

fC ) @ Wlt) o a(Hg )

™M Q.nn\@c.(sw P‘N\doa?f@(es
Bal®) e &) = alhet

mc_f-..v «, mo%.\v 2 €cbuc

» MER
.p
- MUT
—D
KR (gwm 1@ from
W/
—
- 7\/3%\\ { N
- AL g E
.IIJ
— ,
_ !



-2 -

Exemple 0.1 -- Soit F 1’ensemble des symbole de fonction {f,g,a,b}, f
et g sont d’arité deux, a et b des constante. Considérant le systime de
réécriture qui axiomatise les trois phase de 1’algorithme de filtrage ol
“echec” est la substitution vide, Id est 1’'identité.

V1: a « b == echec No Wob‘dr?.

V2: (x « b) A (x « @) == echec
V3: f(x, y) « g(z, u) == echec

V4: f(x, y) « f(z, u) == (x « ) A (y « u)

V5: g(x, y) « g(z, u) == (x « z) A (y « u) mw €¢
Vé6: a«a == Id

V7: b«b == Id

V8: echec A x == echec

V9: x A Id == x

V10: x A X == X

Les trois premiéres régles (V1 V2 V3) décrivent 1’exclusivité, les quatre
suivante (V4 V5 Vé V7) la décomposition et les deux derniére (vB V7)
decrivent les propriété de 1’opération A. La complétion de ce systéme avec

A AC engendre le systéme suivant:

Vi: a « b = echec

V2: (x « b) A (x « @) —* echec

vV3: f(x, y) « g(z, u) = echec
¢V1l: b « a —* echec

Va: f(x, y) « f(z, u) = (x « z) A (y « u)
V5: g(x, y) « g(z, u) = (x « 2) A (y « u)
V6: aca — Id
V7: b«b — Id
VB: echec A x —* echec
V9: x A Id = x
V10: x A x = x
Ce systéme convergent peut étre cnwpmmm comme un algorithme de filtrage

dans la théorie considéré, il suffit de normaliser le terme M«N pour

trouver le filtre de M vers N. donnons une sortie de la normatisation

A3

utilisant le systéme REVE:

Résolvons 1’équation f(x,g(a,x))«f(a,g(a,b))

Please enter the term for which you would like the normal form computed,
terminated by <ESC>:
f(x,g(a,x)}«f(a,g(a,b))

The sequence of term réductions leading to the normal form of your term is:
f(x, g(a, x)) « f(a, g(a, b))

(g(e, x) « g(a, b)) A (x « @)

(a«a) A(x«a)a{x«b)

(a « a) A echec

echec

Considérons 1’équation suivante

f(f(x,y),f(g(a,b),f(x,y)))«f(f(a,b),f(g(a,b),f(a,b)))

Please enter the term for which you would like the normal form computed,

terminated by <ESC>:
f(f(x,y),f(g(a,b),f(x,y)))«f(f(a,b),f(g(a,b),f(a,b)))

The sequence of term réductions leading to the normal form of your term is:
f(f(x, y), f(g(a, b), f(x, y))) « f(f(a, b), f(g(a, b), f(a, b)))

(f(g(a, b), f(x, y)) « f(g(a, b), f(a, b))) a (f(x, y) « f(a, b))

(f(x, y) « fla, b)) A (f(x, y) « f(a, b)) A (g(a, b) « g(a, b))

(f(x, y) « f(a, b)) A (g(a, b) « g(a, b))

(g(a, b) « g(a, b)) A (x « a) A (y « b)

(a«a)an(bab)a(x«a)a(y«b)
(b«b)Aa(x«a)a(y«b)ald
(b«b)A(x«a)ally«b)

(x « @) Ay «b) ald

(x « a) A (y « b)

Considérant deux termes égaux:



Please enter the term for which you would like the normal form computed,
terminated by <ESC>:

f(a,b)«f(a,b)

The sequence of term réductions leading to the normal form of your term is:
f(a, b) « f(a, b)

(a « 8) A (b «b)

(b« b) A 1d

b«b

Id

-2 -

Dans cette partie, nous spécifions le mécanisme de décomposition-
fusion-mutation par des équations. Le symbole A pour la conjonction
d’équations de filtrage, et v pour la disjonction, Id pour la substitution
Identité et echec pour la substitution vide. Par exemple pour le cas ou
1'ensemble des symboles de fonctions est F = {a, b, +} avec + un symbole

commutatif, nous avons le systéme d’équations suivant

(x+y)«(z+u) =2 ((x«z2) A (y « u) ) v ({x «u)a(y«z))
(x « x) «= 1d

x A ld =z x

a « b == echec

b « a == echec

x A echec == echec

echec v x == x

La premiére régle est 1’axiomatisation de la mutation pour ce cas particu-
lier. les autres régles sont des régle de simplifications. La complétion
de ce systéme complété en considérant A et v AC, nous obtenant le systéme

convergent suivant

(x « x) = Id

(x A Id) = x

(a « b) —* echec

(b « a) = echec

(x A echec) —* echec
(echec v x) = x

(Id v Id) = Id

A<~ A (x A echec)) —* echec

A<H A(x A Id)) = A<~ A X)

A<H v (echec v x)) — A<~ v x)

(vi v (Id v Id)) — A<~ v Id)

(I v ((x «y) A (y « $3)) = 1d

A<~ v (Idv ((x «y) Ay « x)))) = A<~ v 1d)

(X +y) «(z+U) > ((Ix«z)aly«cu) v ((xa«u aly«z)))

Ce sytéme convergent va nous servir i résoudre des problémes de filtrage
(et d’unification) dans M(F,X)/=C, en normalisant des termes dans ce

systéme.



Par example pour chercher 1’unificateur de n~ « (x+a) et nN « (y+b) il

suffit de normaliser le terme (:+a)«(y+b), nous donnons une sortie de

REVE 3 ’ i J

-> normal-form

Please enter the term for which you would like the normal form computed,
terminated by <ESC>:

(x+8)=(y+b)

The normal form of your term is:
((x « b) A (y « a))

qui correspond a la substitution {x*a,y+b}.

-> nar

Please enter the term for which you would like the normal form computed,
terminated by <ESC>:

(a+b) =(y+a)

The normal form of your term is:
(b «y)

~> nor (a+b)=(b+a)
The normal form of your term is:
Id

e
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