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Abstract. Given a semi-ring with unit which satisfies some algebraic
conditions, we define an exponential functor on the category of sets and
relations which allows to define a denotational model of differential linear
logic and of the lambda-calculus with resources. We show that, when the
semi-ring has an element which is infinite in the sense that it is equal to
its successor, this model does not validate the Taylor formula and that
it is possible to build, in the associated Kleisli cartesian closed category,
a model of the pure lambda-calculus which is not sensible. This is a
quantitative analogue of the standard graph model construction in the
category of Scott domains. We also provide examples of such semi-rings.
Keywords: lambda-calculus, linear logic, denotational semantics, differ-
ential lambda-calculus, resource lambda-calculus, non sensible models.

Introduction

The category of sets and relations is a quite standard denotational model of linear
logic which underlies most denotational models of this system (coherence spaces,
hypercoherence spaces, totality spaces, finiteness spaces. .. ). In this completely
elementary setting, a formula is interpreted as a set, and a proof of that formula
is interpreted as a subset of the set interpreting the formula.

Logical connectives are interpreted very simply: tensor product, par and lin-
ear implication are interpreted as cartesian products whereas direct product
(with) and direct sums (plus) are interpreted as disjoint union. The linear nega-
tion of a set is the same set: it is a remarkable feature of linear logic that it
admits such a “degenerate” semantics of types, which is nonetheless non trivial
in the sense that proofs are not identified.

Exponentials are traditionally interpreted by the operation which maps a
set X to the set of all finite multisets of elements of X (the origin of this idea
can be found in [Gir88]). One might be tempted to use finite sets instead of
finite multisets since, in the coherence space semantics, the exponential can be
interpreted by an operation which maps a coherence space to the sets of its
finite cliques (with a suitable coherence). In the relational model however, such
an interpretation of the exponentials based on finite sets is not possible as it
leads to a dereliction which is not natural (in the categorical sense).
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** Work partially funded by the MIUR project CONCERTO



With this standard multiset-based interpretation of exponentials, the rela-
tional model interprets also the differential extensions of linear logic and of the
lambda-calculus presented in [ER03,ER06b,EL10]. In the differential lambda-
calculus, terms can be derived (differentiated): a term M of type A — B can be
transformed into a term M’ of type A — (A — B) which is linear in its second
parameter of type A (using a linear implication symbol “ — ” the type of M’
could be written A — (A — B)). The word “linear” can be taken here in its stan-
dard algebraic sense, or in its operational sense of “using its argument exactly
once”. This differentiation operation can be iterated, yielding a nth derivative
M™ : A — (A™ — B) which is n-linear in its n last arguments of type A, that
is M : A - (A®---® A — B). The introduction of this new construction
requires the possibility of freely adding terms of the same type: in the model
Rel, this addition operation is interpreted as set union (remember that terms
as interpreted as subsets of the interpretations of types). Also, each type has to
contain a 0 element which, here, is the empty set.

This strongly suggests to consider the following “Taylor series”, given a term
M of type A — B and a term N of type A: 00 LM ™(0)-(N,...,N). In this
formula, the map N — %M(”) (0)-(N,...,N) is the approximation of degree n
of the function M, that is the “part” of the function M which uses its argument
exactly n times. For simplifying the setting and for dealing easily with untyped
terms, it is suitable to consider a version of that formula where coefficients are
all equal to one, and where addition of terms is an idempotent operation: terms
form a complete lattice and the Taylor expansion of M can be written more
simply /57, M(™(0) - (N,...,N).

With Regnier, the second author studied this operation in [ER08,ER06a],
introducing a lambda-calculus with resources which can be seen as the differential
lambda-calculus where ordinary® application can be used only for applying a
term to 0: this is the only ordinary application needed if we want to Taylor
expand all the applications occurring in lambda-terms. In these two papers we
proved in an untyped setting that, Taylor expanding completely a lambda-term
M, one obtains a (generally infinite) linear combination of resource terms and
that, if one normalizes each resource term occurring in that formal sum?, one
obtains the Taylor expansion of the Béhm tree of M.

This result implies that, in a denotational model which validates the Taylor
expansion formula in the sense that the interpretation of a term M is equal to
the interpretation of its Taylor expansion, the interpretation of an unsolvable
lambda-term® is necessarily equal to 0. Since the multiset-based exponential of
Rel validates the Taylor expansion formula, any model of the pure lambda-

3 In the differential lambda-calculus, there are two kinds of application: the ordinary
application of a term to an argument, and the application of the nth derivative of
a term to a n-tuple of terms. This latter application is n-linear in its arguments
whereas the former is not linear.

4 Resource terms are strongly normalizing, even if they are not typeable.

5 We recall that a term is solvable iff its head reduction terminates, see [Kri93, Chap-
ter 4].



calculus in the corresponding cartesian closed category, such as the model pre-
sented in [BEM07,BEMO09], seems to be bound to be sensible (at least if differen-
tial operations are interpreted in the standard way). This seems to be a serious
limitation in the equational expressive power of this kind of semantics.

This problem arose during a general investigation undertaken by the authors,
whose scope is to develop an algebraic setting for differential extensions of the
lambda-calculus, in the spirit of [PS98,MS09].

Content. The present paper proposes a solution to this problem, by introducing
new exponential operations on Rel. The idea is quite simple: we replace the set N
of natural numbers (which are used for counting multiplicities of elements in mul-
tisets) with more general semi-rings which typically contain “infinite elements” w
such that w+1 = w. Mutatis mutandis, the various structures of the exponentials
(functorial action, dereliction etc) are interpreted as with the ordinary multiset-
based exponentials. For these structures to satisfy the required equations, some
rather restrictive conditions have to be satisfied by the considered semi-ring: the
semi-rings which satisfy these conditions are called “multiplicity semi-rings”. We
show that such a semi-ring must contain N and we exhibit multiplicity semi-rings
with infinite elements.

In these models with infinite multiplicities, the differential constructions are
available, but the Taylor formula does not hold. It is possible to find morphisms
f A — B (in the associated cartesian closed category) which are # 0 but are
such that, for all n, the nth derivative f(™)(0) : A — B is equal to 0. The
Taylor expansion of such a function is the 0 map, and hence the function is
different from its Taylor expansion. This is analogous to the well known smooth
(C*) map f : R — R defined by f(0) = 0 and f(z) = e '/I* for  # 0: all
the derivatives of f at 0 are equal to 0 and hence there is no neighborhood of 0
where f coincides with its Taylor expansion at 0. In some sense, f is infinitely
flat at 0, and we obtain a similar effect with our infinite multiplicities.

For any multiplicity semi-ring which contains an infinite element, we build
a model of the pure lambda-calculus, which is not sensible and, more precisely,
where the term 2 = (Az (x) 2) Az (z) = has a non-empty interpretation (we also
exhibit a non solvable term whose interpretation is distinct from that of £2). We
use Krivine’s notation for lambda-terms: the application of M to N is denoted
as (M) N.

Warning. Most proofs are omitted and will be available in a longer version of
this article.
1 The relational model of linear logic

Rel is the category whose objects are sets and with hom-sets Rel(X,Y) =
P(X x Y). In this category, composition is the ordinary composition of relations:
if R € Rel(X,Y) and S € Rel(Y, Z), then

S-R={(a,c) e XxZ|3F€Y (a,b) € Rand (b,c) € S}.



and identities are the diagonal relations: ldx = {(a,a) | a € X}.

This category has a well known symmetric monoidal structure (compact
closed actually), with tensor product given on objects by X; ® Xo = X7 x X»
and on morphisms by

Ri® Ry = {((ahag), (bl,bg)) | (ai,bi) € R; for i = 1,2}

for any R; € Rel(X;,Y;) (i = 1,2). The associativity and symmetry isomor-
phisms are the obvious bijections, the neutral object of the tensor product is the
singleton set 1 = {x}.

This monoidal category is closed: the object of morphisms from X to YV
is X =Y = X xY, with evaluation morphism ev € Rel((X —-Y) ® X,Y)
given by ev = {(((a,b),a),b) | a € X,b € Y}. Given R € Rel(Z ® X,Y), the
linear curryfication of R is cur(R) € Rel(Z,X — Y'). This category is star-
autonomous, with dualizing object 1L = 1.

The category Rel is also cartesian: the cartesian product of a family of ob-
jects (Xi)ier is [[;e; Xi = U;e ({3} x Xi). The binary cartesian product of X
and Y is denoted as X & Y and the terminal object is T = (). The projec-
tion m; € Rel([[,c; Xi, Xi) is m; = {((4,a),a) | a € X;} and, given a family
(R;)icr of morphisms R; € Rel(Y, X;), the corresponding morphism (R;);cr €
Rel(Y, [];c; Xi) is given by (Ri)icr = {(b, (i,a)) | i € I and (b,a) € R;}.

2 Exponentials

We present a way of building exponential functors, once a notion of multiplicity
is given, as a semi-ring satisfying strong conditions.

2.1 Multiplicity semi-rings

Notational convention for indices. We shall use quite often multiple indices,
written as subscript as in “a;;;” which has three indices 7, j and k. When there
are no ambiguities, these indices will not be separated by commas. We insert
commas when we use multiplication on these indices, as in “a; 251" for instance.

A semi-ring M is a multiplicity semi-ring if it is commutative, has a multi-
plicative unit and satisfies

(MS1) Vny,ne € M ni+mns =0= ny =ny =0 (we say that M is positive)
(MS2) Vni,ne € M nj1+no=1=n3 =0 or no =0 (we say that M is discrete)
(MS3) Vni,n2,p1,p2 € M ny+mng = p1 +p2 = 3Ir1,7r12,721,722 € M ny =

r11+ 712, N2 = T21+ 722, P1 =11+ 721, P2 = r12 + 722 (We say that M has
the additive splitting property)

(MS4) Vm,p,n1,ns € M pm = ni+ng = 3p1, P2, Mi1, M1z, Ma1, Moz € M ma1+

Ma1 = M1z + Mg = M, p1Mi1+Pamiz = N1, P1Ma1 +PpaMmaz = N and py +
p2 = p (we say that M has the multiplicative splitting property).



Remark 1. The motivation for Condition (MS4) is mainly technical: it is essential
in the proof of Lemma 7. It has also an intuitive content, describing what happens
when an element of M can be written both as a sum and as a product. The proof
that this property holds in N is based on Euclidean division. We conjecture that
this property is independent from Conditions (MS1), (MS2) and (MS3).

Generalized splitting properties. The splitting conditions are expressed in
a binary way, we must generalize them to arbitrary arities. We first generalize
Condition (MS3).

Lemma 1. Let M be a semi-ring satisfying (MS1) and (MS3). Let nq,...,n; €
M and py,...,p. € M be such that 22:1 n; = 25:1 pj- Then there is a family
(sij)éLFl of elements of M such that Vi € {1,...,l} n; = 22:1 sy and Vj €
(1,7} py =0 545

Similarly, we generalize Condition (MS4).

Lemma 2. Let M be a semi-ring satisfying (MS1), (MS8) and (MS4). Let k €
N with k #0. Let | = 2=, For all ny,...,ng,m,p € M, if pm =ny + - +ng,
then there exist (pj)é-:l € M and (mij)fi17j=1 with

ey, +--+p=p
e myj+---+mpy=mforj=1,...,1
e and pym;1 +---+pmy =mn; fori=1,... k.

Proposition 1. Any multiplicity semi-ring M contains an isomorphic copy of

N.

We shall simply say that M contains N, that is N C M. In particular, a
multiplicity semi-ring cannot be finite. An element m of a semi-ring will be said
to be infinite if it satisfies m = m + 1.

Examples of multiplicity semi-rings. The elements of a multiplicity semi-
ring should be considered as generalized natural numbers. We give here examples
of such semi-rings.

Natural numbers. The most canonical example of multiplicity semi-ring is the set
N of natural numbers, with the ordinary addition and multiplication. Of course,
N has no infinite element.

Proposition 2. N is a multiplicity semi-ring.
Completed natural numbers. Let N = NU {w} be the “completed set of natural
numbers’. We extend addition to this set by n4+w = w+n = w, and multiplication

by Ow = w0 = 0 and nw = wn = w for n # 0, so that N has exactly one infinite
element, namely w.

Proposition 3. N is a multiplicity semi-ring.



A semi-ring with infinite and non-idempotent elements. A more interesting ex-
ample is Ny = (Nt x N) U {0}. The element (n,d) of this set (with n # 0) will
be denoted as nw?. We extend this notation to the case where n = 0, identifying
Ow? with 0, which is quite natural with these notations. Addition is defined as
follows (0 being of course neutral for this operation)

(n+nwt ifd=d
nw® + n'w? = { nwl if n#0and d <d
nw? ifn #0and d < d’

d d’ 7, d+d’

and multiplication is defined by nw®n’w® = nn'w . This semi-ring has in-
finitely many infinite elements: all the elements nw? of Ny with n # 0 and d # 0
are infinite.

Proposition 4. Ny is a multiplicity semi-ring.

From now on, M denotes a multiplicity semi-ring.

2.2 The exponential functor

Given a set X, we define !y X as the free M-module M(X) generated by X, that
is, as the set of all functions p : X — M such that supp(u) = {a € X | p(a) #
0} (the support of p) is finite. These functions will be called M-multisets (of
elements of X).

Given a € X, we denote as [a] € !mX the function given by [a](b) = J, (the
Kronecker symbol which takes value 0 € M if a # b and 1 € M if a = b). We use
the standard algebraic notations for denoting the operations in the M-module
mX. If p € Iy X, we define the cardinality of p by #up = ZaESUPP(#) u(a) € M.

Given R € Rel(X,Y), we define IR € Rel(!uX, 'mY") as the set of all pairs
(u,v) such that one can find o0 € M(X x Y') with supp(c) € R and

Vae X pla)= Z o(a,b) and v(b) = Z o(a,b).

bey aceX

We say then that o is a witness of (u,v) for R. Observe that all these sums are
finite because o € M(X x Y).

It is clear from this definition that !y ldx = Idy,x. Let R € Rel(X,Y") and
S € Rel(Y, Z). We denote as S - R € Rel(X, Z) the relational composition of R
and S.

Lemma 3. !y (S R) =S - lmR.
Proof. This is essentially an application of Lemma 1. o

Lemma 4. Let RC X xY and let (u;,v;) € MR and p; e M fori=1,... n.
Then (37 pittis Yy Pivi) € 'MR.



Proof. For each i, choose a witness o; of (p;,v;) for R. Then > ! p;o; is a
witness of (30 | pipi, » iy Pivs) for R. O

2.3 Comonad structure of the exponential

We introduce the fundamental comonadic structure of the exponential functor,
which consists of two natural transformations usually called dereliction (the
counit of the comonad) and digging (the comultiplication of the comonad).

Dereliction. We set dx = {([a],a) | a € X} € Rel(IyX, X).

Lemma 5. dx is a natural transformation from !y to Id.

Proof. One applies Conditions (MS1) and (MS2). O

Remark 2. One could consider taking M = {0,1} with 1+ 1 = 1, and then we
would have hyX = Pg,(X), the set of all finite subsets of X. But this semi-
ring does not satisfy Condition (MS2) and, indeed, dereliction is not natural as
already mentioned in the Introduction.

Digging. This operation is more problematic and some preliminaries are re-
quired.

Lemma 6. Let X and Y be sets and let R C X x Y. Let v1,v5 € lyY and
w € WX, If (u,v1 + v2) € R, then one can find u1,pe € WX such that
pa + p2 = poand (pi,v;) € R fori=1,2.

Proof. We use Lemma 1. O
Given M € lyluX, we set

S(M)= > M(m)meuX.

melyX

Since M has a finite support, this sum is actually a finite sum (the linear com-
bination, with coefficients M (m) € M, is taken in the module i X).
We define py € Rel(lmX, ly!mX) by

px = {(Z(M), M) | M € hulmX}.

The next lemma is the main tool for proving the naturality of digging. It
combines the two generalized splitting properties of M.

Lemma 7. Let X and Y be sets and let R C X XY be finite. There exists

q(R) € N with the following property: for any p € X, 7 € MY and p € M, if
(p,pm) € R, then one can find py, ..., pgr) € M and 1, ..., pgr) € 'mX such

that Z?(j) Dj =D, 3(:1? pip; = p and (pj,m) € R for each j =1,...,q(R).



Proof. Let I ={a € X | I €Y (a,b) e R}and J={be€ Y | Ja € X (a,b) € R}.
Given b € J, let deg,(R) = #{a € X | (a,b) € R} —1 € N and let deg(R) =
> ey deg,(R). We prove the result by induction on deg(R).

Assume first that deg(R) = 0, so that, for any b € J, there is exactly one
a € I such that (a,b) € R, let us set a = g(b): g is a surjective function from J to
I whose graph coincides with R (in the sense that R = {(g(b),b) | b € J}). Let
o be a witness of (u,pr) for R. For all b € J we have pr(b) = > .y o(a,b) =
o(g(b),b) and for all a € I we have p(a) = 3_, 4, 0(a,b) =p3_ 4, 7(b). Let
7 € M(X x Y) be defined by

(ab) = {ﬂb) if g(b) = a

0 otherwise.

then clearly supp(7) € R and 7 is a witness of (', 7) for R, where ' € X
is given by u/(a) = Zg(b):a m(a). Since pp’ = p, we have obtained the required
property (with ¢(R) =1, p; = p and p; = ).

Assume now that deg(R) > 0 and let us pick some b € J such that k =
deg,(R)+1 > 1. Let o be a witness of (i, pr) for R. Let aq, . .., aj, be a repetition-
free enumeration of the elements a of I such that (a,b) € R. We have

pmmzipmmy

i=1

Let [ = 2*~!. By Lemma 2, there exist p1,...,p; € M and (mij)f’:lm:l elements
of M with

*pi+--+p=p
e my;+---+my; =m(b) for j=1,...,1
e and pymi + -+ pymy = o(a;,b) for i =1,... k.
Let b1, ...,b be pairwise distinct new elements, which do not belong to X nor

to Y, and let Y/ = (Y \ {b}) U {b1,...,br}. We define a new relation to which
we shall be able to apply the inductive hypothesis as follows:

S={(a,b') e R|V #b}U{(a;,b;) |i=1,...,k}.
Then we have deg(S) = deg(R) — k + 1 < deg(R). Let 7 € M(X x Y’) be given
by
ola,c) ifcée {by,...,bx}
T(a,c) =< o(a;,b) if c=b; and a = a;
0 otherwise.

It is clear that supp(r) C S. Moreover, 7 is a witness of (u,Zézlpjﬂj) for S,
where 7; € Y’ is given by

m@:{ﬂ@ih¢%hnﬁﬁ

ey if c= bz



for each j € {1,...,1}. Indeed, for a € X we have

k

> r(ac) = > (a,c) + Y (a,b;)

ceY’ c€Y'\{b1,....bx } i=1

k
= Z O'(a, C) + Z 5a,ai U(aiv b)
=1

c€Y\{b1,....br }

= Z o(a,c) + o(a,b) = Z o(a,b) = p(a)

c€Y’\{b1,...,br} bey

and for c € Y\ {by,...,b;} we have

l ] =7(c
Z T(a,c) = Z o(a,c) =pm(c) = ijﬂ—j(c) since {v]lﬁj () =)
j=1

aeX aeX 2j=1Pj =P

and last, for ¢ = b; (with i € {1,...,k}), we have

l l
> 7a,e) = o(a;b) = ijm,»j = Zpﬂj(c) :

a€eX

By Lemma 6, since (H»Zé:ﬂ’jﬁj) € S, we can find pq,..., € !yX such

that 23:1 p; = p and (uj,p;m;) € S for each j € 1 = {1,...,1}. Since

deg(S) < deg(R), we can apply the inductive hypothesis for each j € I. So we
2’1(1‘2:1 of elements of M such that p; = >%%) p,. and we

can find a family (#js)é-’i(f;)lzl of elements of !y X such that ZZ(:Sl) Dislhjs = Iy,

can find a family (p;s)

and moreover (s, 7;) € IS for each j € [ and s € ¢(S). We conclude the proof
by showing that (u;s,7) € mR. Let 7;, € M(X X Y”) be a witness of (p;s,7;)
for S. Let 0j, € M(X x Y') be given by

(a.) 7j6(a, ) if Y £b
Ojs a7 = .
7 E ?:1 Tjs(a7bi) if b = b.

For b" € Y \ {b}, we have > .y 0js(a,0') = >, cx Tjs(a,b') = m;(b") = (V).
Next we have

k
Z ojs(a,b) = Z ZTjs(Chbi)

acX acX i=1

k
= Z Z Tjs(a, b;)
i=1 a€eX
k k
= Zﬂ'y(bz) = Zmij = ’/T(b) .

=1



On the other hand we have

Zajs(a,b/): Z 0js(a,b') + 0;s(a,b)

bey b ey \{b}
k
= Y e b))+ 7islaby)
b ey \{b} i=1
= 7mis(a,¢) = pysla).
ceY’

It remains to prove that supp(c;s) € R, but this results immediately from the
definition of o5 and from the fact that supp(7;s) C S.

Observe that we can take g(R) = lq(S), so that in general g(R) = 2d&(f),

O

Lemma 8. py is a natural transformation from iy to vy

Proof. This is essentially an application of Lemma 7. |

Comonad equations We prove that di,x -px = Idi,x. Let (u, 1) € uX x
'mX. Assume first that (u, ') € di,x -px. Then we can find M € ly!yX such
that (4, M) € px and (M, ') € di,x. This means that M = [i/] and hence
Y (M) = y/, hence p = /. Conversely, for p € !yX we have (u,[n]) € px,
therefore (u, ) € diy, x -py-

Next we prove that hydx -py = Idy,x. Let (p, 1) € mdx -px. Let M €
'm!mX be such that (u, M) € py, that is X(M) = p, and (M, ') € Imdx.
Let o € M{!yX x X) be a witness of (M, u') for dx. This means that u'(a) =
Y venx 0w,a) = o([a],a) since supp(c) C dx, and that M(v) = o([a],a) if
v = [a], and M(v) = 0 if #v # 1. It follows that Y(M) = > o,  M(v)r =
> aex o([a],a)[a] = i’ and hence 1 = i’. Conversely, one has (i1, ) € hmwdx - py,
because M € ly!yX defined by M (v) = pu(a) if v = [a] and M (v) = 0if #v #0
satisfies (u, M) € px and (M, pu) € Iydx.

Lemma 9. Let M € ly!m!mX. Then X(X(M)) =3 nep i, x MIN)Z(N).
Proof. We have

D(EM) = Y M)y

velyX
= > ( > M(N)N(y))y
velyX \N€lylyuX

= Y M(N)(Z N(V)V)

NelulmX velyX



and we are done. O

Using Lemma 9, one proves the last comonad equation, namely p,, x -px =
"MPx - Px-

Fundamental isomorphism. One of the most important properties of the
exponential is that it maps cartesian products to tensor products. Combined
with the monoidal closure of Rel, this property leads to the cartesian closeness
of the Kleisli category Rel,.

Proposition 5. Given two sets X1 and Xo, there is an natural bijection nx, x, :
MX1 ® yXe — (X1 & X2) and a bijection ng : 1 — Iy T.

Given (,u1,,u2) € X1 ® lmXs, we define v = n(,ul,,ug) S !M(Xl & XQ) by
v(i,a) = pi(a) for i = 1,2, and ng(*) is unique element of !y T (the empty
multiset).

Structural morphisms. They are used for interpreting the structural rules
of linear logic, associated with the exponentials. The weakening morphism is
weakx : ImX — 1 is weakx = {([],*)}. The contraction morphism is contrx :
X — Iy X ® Iy X is obtained by applying the !y functor to the diagonal map
X — X & X, so that contrx = {(A+ p, (A, p)) | A, p € lmMX}.

There are other equations to check for proving that we have defined a model
of linear logic (see [Bie95]), the corresponding verifications are straightforward.

2.4 The Kleisli cartesian closed category

The objects of the Kleisli category Rel; of the comonad “ly” are the sets,
and Rel)(X,Y) = Rel(!yX,Y). Identity in this category is dereliction dx €
Reli (X, X) and composition is defined as follows: let R € Rel(X,Y) and
S eRel(Y,Z), then So R=S5"IyR-px. We give a direct characterization of
this composition law.

Proposition 6. Let (u,c) € WX x Z, we have (u,c) € S o R iff there exist
b1,...,bn €Y (not necessarily distinct), p1,...,pn € M and p1,..., 1, € X
such that

Vie{l,...,n} (1, bi) € R, (Zpi[bi]ac> €S and p= sz‘,uz‘-
i=1

i=1

Proof. Assume first that (u,c) € S o R. Let M € !y X such that (u, M) € py
and let v € Y be such that (v,¢) € S and (M, v) € lyR. We have X (M) = p.
Let 0 € M{!lyX x Y) be a witness of (M,v) for R, and let (p1,b1),..., (ftn,bn)
be a repetition-free enumeration of the set supp(o) C R. Taking p; = o(u;, b;),
we have Y1  p;[b;] = v and Y. pi[pi] = M, and therefore pn = """, pipui.
Assume conversely that (u,c) satisfies the conditions stated in the proposi-
tion. Then we take v = > 1" | p;[b;] and M = Y7, p;[w;]. We have (v,c) € S



and (u, M) € py and we have just to check that (M,v) € IyR. We define
o =1 pil(1i,b;)]; this is a witness of (M, v) for R, as easily checked. ad

We recall that the cartesian product of X and Y in this category is X &
Y, with projections obtained by composing m; and me with dxgy in Rel.
The function space of X and YV is !lyX — Y. Evaluation Ev € Reli(X &
(X —Y),Y) ~Rel(lyX @ m(ImX — Y),Y) is

Ev = {((1, [(1,0)]),0) | p € X and b € Y}

Curryfication is defined as follows: let R € Relil(Z & X,Y) ~ Rel(lyZ ®
'mX,Y), then Cur(R) = {(m, (1, b)) | ((w, 1), b) € R} € Reli(Z,!yX —Y).

Differential structure and the Taylor expansion. Without giving pre-
cise definitions, let us mention that the differential structure of this model,
which consists of natural linear morphisms dx € Rel (X, !yX) (codereliction),
coweakx € Rel (1,!yX) (coweakening) and cocontry € Rel (IlyX ® IyX, mX)
(cocontraction) allows to associate, with any morphism R € Rel|(X,Y), its
Taylor expansion R* € Rel)(X,Y). When M = N, one has M* = M but this
equation does not hold anymore when M has an infinite element w. In that case,
if R = {(w[*],*)} € Relj(1,1), one has R* =) # R.

3 Graph models in Rel

Graph models [Bar84] have been isolated by Scott and Engeler in the continuous
semantics. We develop here a similar construction, in the relational semantics.
Let A be a non-empty set whose elements will be called atoms, and are not pairs.
Let ¢ : A — (lmA — A) be a partial injective map.

We define a sequence (D},)nen of sets as follows: Dy = A and D}, = D;, U
(("mDy, — Dy,) \ t(A)). This sequence is monotone, and we set D* = J,,cy D,
We have iy D' — D* = J, y(aD?, —o DY),

We define a function ¢ : D* — (lyD* — D*) by

_Jila) ifa=acA
cp(a)—{a ifag A

and a function ¢ : (lyD* — D*) — D* by

a if (u, @) = 1(a) where a € A

ple) = {w,a) if (4,0) ¢ o(A).

This definition makes sense because ¢ is injective, and because, if (u,«) €
(mDy, — Dp) \ «(A), then (p,a) € D}y € D*. Let (p,a) € lyD* — D"
If (u, ) € L(A), let a be the unique element of A such that «(a) = (u, ). We
have o(¢(u, a)) = ¢(a) = v(a) = (1, a). If (u, ) & L(A), we have p(1p(p, @) =
o(p, ) = (u, @) because (u, ) ¢ A, since no element of A is a pair.



So we have ¢ o ¢ = |d. We define two morphisms App = {([a], p(@)) | @ €
Dt} € Rel|(D*, !y D" — D*) and Lam = {([(u, )], ¥(u, @) | (g, @) € lyD* —o
D'} € Rel(!yD* — D*, D*). Then we have App o Lam = Idy,, p—op:, so that D*
is a reflexive object in Rel,, whatever be the choice of the multiplicity semi-ring
ML

3.1 Interpreting terms

Given a lambda-term M and a repetition-free list of variables @ = (x1,...,2,)
which contains all free variables of M, the interpretation [M], € Rel (D", D")
(where D'™ is the cartesian product of D* with itself, n times) is defined by
induction on M as follows

e [7;]z = m; (the ith projection from (D')" to D)
e [A\z N|, = Lam o Cur([M]g,4), assuming that = does not occur in x
¢ [(N) Plz = Evo (App o [Nz, [Plz)

Using the cartesian closeness of Rel; and the fact that App o Lam = Idy, p:—op-,
one proves that if M and M’ are beta-equivalent, and x is a repetition-free list of
variables which contain all the free variables of M and M’, one has [M], = [M'],.
This requires to prove first a substitution lemma, see [AC98].

We present now this interpretation as a typing system (a variation of de
Carvalho’s system R [DCO08]). A type is an element of D*. Given p € lyD* and
a € D', we set u — « = P(u, ). A typing context is a finite partial function
from variables to Iy D" If I,..., I} are contexts with the same domain and
P1y-.-,pr € M, the sum Zle p;L; is defined pointwise (using the addition of
ImD"). The typing rules are

x:pkEM:a

xlz[L-"axn:[]71‘:[04]'_1;204 FF}\I’M“—)Q
FI—M:(E?:lpi[ﬁiD%Oé Vien FZ‘I—N:ﬁi

F—&—Z?:lpifil—(M)N:a

In the last rule, all contexts involved must have same domain, and the ;’s need
not be distinct.

Proposition 7. The judgment I' b M : « is derivable iff (I'(z1),...,(x,),a) €
[M], where x = (x1,...,2,) is a repetition-free enumeration of the domain of
I, which is assumed to contain all the free variables of M.

Proof. Straightforward induction on the judgment, using Proposition 6. a

We take for Ml a multiplicity semi-ring which contains an infinite element w
(remember that this means that w +1 =w). Let A ={a}, t: A — (lyd — A)
be defined by t(a) = (wla],a), so that (w[a] = a) = a. Let 2 = (§) 6 where
0=z (x)x.

Proposition 8. In the model D*, we have [2] = {a}.



Proof. We have the following deduction tree (we have inserted in this tree the
equations between types or M-multisets of types that we use)

z:lalFz:a=wlal > a x:lalFz:a
x:[a] + wla] =
FAz(z)x:wla] = a Flx(z)x:wla] 2 a=a
Fz(z)z) e (z)x:a

wla]F(x)x:a (same derivation)

Therefore a € [£2].

Conversely, let o € D* and assume that - (2 : . There must exist p € Iy D*
such that - 6 : p — a and VB € supp(p) F § : 8. Form the first of these two
judgments we get x : p F (x)x : o and hence there must exist v € Iy D* such
that 4 = v + [v — a]. From the second judgment we get - ¢ : v — « and
VB € supp(v) F 0 : f. Iterating this process, we build a sequence (u;)$2; of
elements of !y D* such that - §:pu; = o, VB € supp(p;) F 0 : 8 and p; =
tit1 + [piv1 — ] for all 4. Let 8; = p; — «, it follows that Vi 8; € supp(p1) and
since supp(pq) is finite, we can find ¢ and n > 0 such that §8;y, = 5;. We have
B = (s — @) = (i1 +Bisa]) = @) = - = ((uisn-+H[Bip1 )+ +[Bisa]) — )
and since f; = Bitn = (Hitn — @), We get firn = fitn + [Biv1] + - + [Bitn]
(because ¢ is injective) and hence B;y, € supp(iitn). But Bitn = (titn — @)
and hence we must have ;, = a. Indeed, if §;1, ¢ A then by definition of
¥ we have Bi1n = (ftitn, ) and, if k is the least integer such that 8,1, € Dy,
we have k > 0 and 8 € Dj,_, for all 8 € supp(ftitn)- This is impossible since
Bitn € supp(thitn)- Since (fi+n — @) = a, we have o = a and we are done. O

Since ([] — a) € [MAy 2] and a # ([] = a), we have found two unsolvable
terms (namely {2 and Ay {2) with distinct interpretations in D* and hence this
model is not sensible.

Conclusion

We have introduced the algebraic concept of multiplicity semi-ring, which can
be used for generalizing the standard exponential construction of the relational
model of linear logic. Such a semi-ring must contain N as a sub-semi-ring but can
also have infinite elements w such that w+1 = w. In that case, the corresponding
model of linear logic is a model of the differential lambda-calculus which does
not satisfy the Taylor formula, and it is possible to build non sensible models of
the lambda-calculus in the corresponding Kleisli cartesian closed category. This
shows that models of the pure differential lambda-calculus can have non sensible
theories and provides a new way of building models of the pure lambda-calculus
where non termination is taking into account in a quantitative way by means of
these infinite multiplicities.
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Appendix: omitted proofs

Proof of Lemma 1. Assume first that [ = 2 and let us prove the result by
induction on r. For » = 1, one takes s;1 = n; and so; = mo. Assume that the
property holds for r and let us prove it for r+1. Let ¢q; = Z;Zl p; and g2 = pry1.
Then, applying Condition (MS3), we can find ¢;, € M fori = 1,2 and k = 1,2
such that ny = £y + t12, no = t21 +t22, ¢ = t11 + t21 and ga = t12 + t22. By
inductive hypothesis we can find a family (uij)f’:q’jzl such that t11 = Y77, uij,

to1 = E;:l Uy and Pj = uij + U2 for j =1,...,r. Then we define (Sij)?’:?i_jl:l

by setting s;; = u;; fori =1,2and j =1,...,7, and s;,41 =t for i = 1,2.
Now we prove the result for an arbitrary value of [, by induction on this

parameter. For [ = 1, we set s;; = p; for j = 1,...,r. Assume that the result

holds for [ and let us prove it for (4+1. Let m; = Zi:l n; and mg = n;41. We have
mi+mg = 25:1 p;j so we can apply the property that we have just proved. Let
(tkj)2£17j:1 be a family of elements of M such that my = >_"_, ty; for k = 1,2
and p; = t1; +to; for j =1,...,r. By inductive hypothesis, we can find a family
(Ui]')éilﬁjzl such that n; = 3% ug;fori=1,...,land p; = S, uij. Then we
define a family (s”)iigzl by setting s;; = u;; fori =1,...,land j=1,...,7,
and s;41,; = to; for j =1,...,7, and we are done. a

Proof of Lemma 2. By induction on k. For kK = 1, one has [ = 1, and one takes
p1 = pand my; = m.

Assume that the result holds for k (and let I = 2~1) and let us prove it for k+
1.Let ny,...,ngy1,m,p € M with ny+- - -+ng11 = mp. By inductive hypothesis,
we can find (pj)ézl € M and (mij)f’:lm:l with the following properties

pr+---+p=p

mij+---+my; =miforj=1,...,1
mapr+ - +myp=n;fori=1,... k-1
and mgipr + -+ MpD = N+ N1

By Lemma 1, we can find a family (Tjh).lj’il’h:o of elements of M such that
Nk+h = T1p + -+ myp for h = 0,1 and Vj € | mg;p; = rjo + 751. By Condi-
tion (MS4), for each j € I, we can find p;i,pjo € M with p;; + pjo = p; and a
family (Sju}l)iil,hzo of elements of M such that MEj = Sj10 +Sj11 = Sj20 + Sj21
and 7, = sj1nPj1 + Sj2np42 for each j € land h=0,1. For i € k — 1 we have

n; = Mi1P11 + Miipiz + - - - + Mypur + Mmypie
and for h = 0,1, we have

Nk+h =T1h+ -+ T

= S11hP11 + S12RP12 + - - - + S1inPi1 + Si2nDi2 -

Let us define a family (p;-,)?le of elements of M by setting pj = p11,ph =

/ )k+1,2l

P12, Py _y = Pi1, Py = piz and let use define a family (mj;,);, i_, by setting



M oi g = Mg = mijifor i €k—1andj € l, and by My ip2j—1 = Sj1n and
m§€+h)2j = s;op for j € [ and h = 0, 1. With these definitions, we have

® Mo gt Mg 05 =Mt g1 HS 10811 = Mgt e =
miforj=1,...,1

® M ot MYy o =M 1820+ 821 = Mt Mg = m
fory=1,...,1

o mi P+ dmygpy =nifori=1,... k+1

and the lemma is proved. a

Proof of Proposition 1. One defines a map f : N — M by induction on natural
numbers by f(0) = 0 and f(n + 1) = f(n) + 1, that is f(n) = >, 1; we
denote this sum as n - 1. This map is a semi-ring morphism as easily checked,
by induction on natural numbers again. We prove that f is injective, so let
p € N and let us prove that f(n) = f(n + p) = p = 0 by induction on n. For
n = 0, assume that p-1 = 0. Applying Condition (MS1) we get easily p = 0 (by
induction on p actually). Assume now that (n+14p)-1= (n+ 1) -1, that is
(n+p)-14+1=mn-1+1. By Condition (MS3), one can find 711, 712,721,722 € M
such that n +p =711 + 712, 1 =191 + 122, n =111 + 721 and 1 = r15 + res. By
Condition (MS2), there are two cases to consider: either 790 = 1, and in that
case 191 = r12 = 0, or 799 = 0, and in that case r9; = r12 = 1. In both cases we
have n 4+ p = n and hence p = 0 by inductive hypothesis. O

Proof of Proposition 2. Let us check Condition (MS3), so let ni,na,p1,p2 € N
be such that n; 4+ ny = p; + p2 and let ¢ be this common value. Pick arbitrarily
sets I, Iz, J1, Jo C q of respective cardinality nq, no, p; and po. It suffices to take
Tij = #(Iz N J])

We prove now Condition (MS4). We apply Euclidian division by p and we
get n1 = qip + r1 and ne = qop + ro where 71,79 < p. We have r; + ro =
p(m — q1 — q2), and since r1,79 < p, we must have m — ¢ — q2 = 0 or m —
q1 — q2 = 1. In the first case we have r; = ro = 0. Pick p1,p2 € N such
that p1 + po = p. Set m1; = miz = ¢1 and mag; = maos = ¢2. Then we have
mip + me1 = M1z + Moz = M, p1Mi1 + p2Mi2 = P1q1 + P2q1 = pq1 = M
and p1ma1 + pamaz = p1g2 + P2g2 = pg2 = ngy as required. Assume now that
m—q1 —qz = 1. We set p; =11, pp =12, my1 = q1 + 1, miz = q1, Moy = g2
and mos = g2 + 1. We have my1 + mop = mio + Mmoo = q1 + g2 + 1 = m. Next
we have pymiy + pamig = 71(q1 + 1) + 12q1 = (11 +72)q1 + 71 = pq1 + 71 = Ny
Similarly we have pyma; + pamas = ng, as required. O

Proof of Proposition 3. We check Condition (MS3), so assume that n;+ns = p1+
p2 = q. If ¢ # w, then we have n;, p; € N for each ¢, j and we use Condition (MS3)
for N. Assume that ¢ = w. Without loss of generality we can assume that ny =
p1 = w. We can take ri; = w, rop = 0, 19 = po and 91 = no. Last we check



Condition (MS4), so assume that pm = n; + no = ¢. Assume first that ¢ € N.
If ¢ # 0, we know that p, m,ny,ne € N and we can use Condition (MS4) in N.
If ¢ = 0, then n; = ny = 0 and we must have m = 0 or p = 0. If p = w and
m = 0 then we can take py = w, po =0, My =mia =mo; =moe =0.If p=20
and m = w, we take p; = ps =0, m1; = mo; = w and My = Mmoo = 0. We are
left with the case were ¢ = w. Without loss of generality we can assume that
n1 = w, and of course we must have m # 0 and p # 0. Assume first that p = w.
Then we can take p;1 = w, ps = na, mi; = m, ma; = 0, mi2 = m’ such that
m’ +1 = m and mgy = 1. Assume last that m = w. Then we can take p; = p’
with p’ +1=p, po =1, mi1 = w, ma; = w, m12 = w and may = ns. ]

Proof of Proposition 4. A simple case analysis shows that this addition is asso-
ciative, and it is obvious that it is commutative. Distributivity is easily checked
as well, so that we have defined a semi-ring. Observe that w + 1 = w, but that
w+w = 2w # w and actually, unlike N, this semi-ring has no element n such
that n +n = n (apart from 0 of course).

Let us check the splitting property, so assume that njw® +now® = pjw +
pow®? and let us build a family (qijwf'if)?flyjzl. If di = dy and e; = es, we
are reduced to the splitting property of N. If dy = dy and e; > es, then we
have (n1 + no)wh = p1w®. We can set for instance q11w/* = njw®, grow/z =
Ppaw®?, qglwf21 = now™ and q22wf22 = 0. Then we have qnwf“ + qlgwfm =
niw® + paw®? = n1w?, ga1wf? + gowf?2 = now®, griwt + gaw’? = njwd +
nowd = p1w® and qlgwf” + Qngf22 = pow®. The last case to consider (up
to commutativity of addition) is d; > dy and e; > es. Then we know that
nw = piw®. We can set qnwf“ = nlwdl, qlgwf12 = pow®?, quwhl = now®
and Qngf22 = 0.

Let us check Condition (MS4), so assume that mw®pw® = njw® + now
If di = ds we are reduced to Condition (MS4) in N, so assume that dy < d;
(and of course n; # 0 and ny # 0). So we have pmw®t® = nyw. Our goal is to
find (pjw® )?:1 and (mijwcfi)?fl}jzl with piw® + pow®? = pw®, prwm;w! +

da

Paw®maw? = nyw® for i = 1,2 and MW +majw = mw for j = 1,2. We
consider several cases. For the two first cases, we set pjw® = pw®, mpwt =
mw® and moijw = 0, so that mi1w + mow = mw® holds trivially.

e Assume first that ¢ < dy. We set pow® = now®™ ¢, maaw®? = w and
mypw? = (m — 1)w®. We have e + ¢ = d; > dy and hence e; = ¢ >
ds — ¢ = e5 so that p1w® + pow® = pw€. Next we have miow?2 + mogw®? =
(m — Dw® + w® = mw®. And p1w®mw + powmiaw? = pmw®te +
na(m — Nw® = pmwh = njw® since e + ¢ = d; > dy. Last we have
PLWE M W + Paw®2Mgew®®? = 0 + naw® W = now.

e Assume now that ¢ > dz and that e > 0. We set pow® = na (so e3 = 0),
Maaw®? = w®, misw®? = mw®. Then we have p1w® + pow® = pw® + ny =
pw€ since e > 0. Also miow? 4+ moow®? = mw* + w = mw® since we
have assumed that ¢ > ds. Next we have p1w®mi1w! + pow®?miow®? =
PwEMW+nemw® = mpwte = njw since e > 0. Last we have pjw® mayw +
PowmMmaoaw?? = 0 + now?.



e Last, assume that ¢ > dy and e = 0, so that ¢ = dy. We take pjw® =1,
pow® = p — 1. We set mi1w™ = mw®, miaw®? = mw®, ma1w = now®
and moow®? = 0. We have mj1w! 4+ mo1w®! = mw® 4+ now® = mw® since

c > do and miow? 4+ moow®?? = mw°. Next, we have pjw®mqiw +
powmiaw? = mw® + (p — )mw® = niw® and last piw®meiw®! +
Pow? Moow?? = now®. O

Proof of Lemma 3. First, let (u,7) € Im(S - R). Let ¢ be a witness of (i, ) for
S - R. For each (a,c) € S- R, let us choose f(a,c) € Y such that (a, f(a,c)) € R
and (f(a,c),c) € S (here, we apparently need the Axiom of Choice). Let v €
M(Y’) be given by
V(b) = Z @(aa C) :
fla,c)=b

This sum is finite, because ¢ has finite support. Moreover, if b € supp(v) then we
must have b = f(a, c) for some (a,c) € supp(p) and there are only finitely many

such pairs (a,c), so v has finite support: v € lyyY. We check that (u,v) € IyR,
and for this we exhibit a witness, namely o € M(X X Y) given by

o(a,b)= > ¢lac).
f(a,c)=b

Indeed, we have

Vae X  Ypeyol(ab) =3y Zf(a7c)=b p(a,c) = Z(a,c)ESR ¢(a,c) = p(a)
WeY  Yliexolab) =3 cx Zf(a,c):b p(a,c) = Zf(a,c):b ¢(a,c) = v(b)
One checks similarly that (v,7) € IS, and hence (u, ) € IS - mR.
Conversely, let (u,7) € ImS - MR- Let v € Y be such that (u,v) € 'R

and (v,m) € IyS and let 0 € M(X xY) and 7 € M(Y x Z) be corresponding
witnesses. Let b € Y. We have

> ola,b) =Y 7(b,c) =wv(b).
aceX ceZ
By Lemma 1, we can find ¢® € M(X x Z) such that
Vae X o(a,b)= Z ©’(a,¢) and VYee Z 7(b,c) = Z ©(a,c).
ceEZ acX
Let © = 3 cqpp() ¢~ Let a € X, we have
pa)=3 o(ab) =33 =3 > ¢ac)=) elao).
bey bey ceZ CcEZ bEY ceZ

Similarly one show that m(c) = >, .y ¢(a,c). Last observe that if (a,c) €
supp(¢), one has (a,c) € supp(p®) for some b. For such a b we have (a,b) €
supp(o) C R and (b, ¢) € supp(r) C S. This shows that supp(¢) C S - R, so that
¢ is a witness of (u, ) for S - R, and hence (p,7) € ImS - R. |



Proof of Lemma 5. Let R € Rel(X,Y). We must show that R-dx = dy IyR.
Let p € Iy X and b € Y. Assume first that (u,b) € R-dx; this means that there
exists a € X such that (u,a) € dxy and (a,b) € R. Hence we have p = [a]. We
have ([a], [b]) € ImR and hence also (p,b) € dy -l R.

Conversely assume that (u,b) € dy -lyR, so that (u,[b]) € !mR, and let
o € M{X xY) be a witness. We have ) _ o(a,b’) = [b](0') for each b’ € Y.
By Conditions (MS1) and (MS2), one has Va € X o(a,b’) = 0 for each &' # b,
and there exists a € X such that o(a,b) = 1 and o(a’,b) = 0 for all a’ # a. We
have therefore o = [a]. Since (a,b) € R, this shows that (u,b) € R -dx because
([a],a) € dx. O

Proof of Lemma 6. Let 0 € M(X x Y') be a witness of (u,v) for R. Let b € Y.
We have v1(b) +v2(b) = 3 ,cy 0(a,b). By Lemma 1 we can find ¢? € M(X) (for
i =1,2) such that v;(b) = 3 oy ¥%(a) (for i = 1,2) and o(a,b) = ¢4 (a)+¢5(a).
Let o;(a,b) = ¢%(a). Then oy(a,b) + o2(a,b) = o(a,b) and this shows that
supp(o;) € R for i = 1,2 (using Condition (MS1)). We have ) .y 0i(a,b) =
vi(b) foreach i € {1,2} and b € Y. We set p;(a) = >,y 0i(a,b). Then p; € X
for ¢ = 1,2 since o; has finite support. Moreover (u;,v;) € R with witness o;
for i = 1,2. We conclude because j1(a) + pa(a) = > ey (01(a,b) 4+ 02(a, b)) =
EbeY U(av b) = M(a)' d

Proof of Lemma 8. Let X and Y be sets and let R C X x Y. Let (u,I1) €
'MX X lm'MY

Assume first that (u, IT) € ly!mR-px. Let M € Iy!mX be such that (M, IT) €
mlmR and (p, M) € px, that is (M) = u. Let © € M{IyX x ImY) be a witness
of (M, IT) for i R. This means that

v e lwX M) = Z o\, ")
‘IT/E!MY
vr'e Y H(x')= Y O\, )

wemX

Since supp(©) C Iy R, by Lemma 4, we have

Z oW, m", Z o, | € mR,
[L,GIMX,WIE!My [L/GIMX77I'/E!MY
that is (X(M), X (II)) € mR. Therefore (u,IT) € py -lmR, since (X(I),II) €

Py-
Conversely, assume that (u, IT) € py -ImR, that is (¢, X(II)) € IyR, that is
(12 ren,y H(m)m) € luR. Let Ry C R be finite and such that

(n, Y H(m)7) € luRy.

weluY



Such an Ry exists because p and IT have finite support. By Lemma 6, one can
find a family (4™)resupp(ir) Of elements of !y X such that p = ZwEsupp(H) u™ and
YV € supp(Il), (u™, II(m)w) € !mRo. Applying Lemma 7, for each 7 € supp(I),
we can find a family (uf)fgf”) of elements of !y X and a family (pf)ggf”) of
elements of M such that

o S pipr = p
e and Vi € ¢(Ry) (uF,m) € lmR.

We define M € M'"™X by setting
M= Y prl.

mesupp(IT)
i€q(Ro)

This sum is finite because supp(I7) is a finite set.

We have
2(M)y= > piuf
wesupp(IT)
i€q(Ro)
q(Ro)
= > Dopw= Y, w=un,
mesupp(IT) =1 mEsupp(IT)

so that (u, M) € px. Moreover we have V& € supp(II) Vi € q(Ro) (uT,7) € lmR
and hence by Lemma 4 we have

M, > pfla] | € wluR
wesupp(IT)
i€q(Ro)

and hence (M, IT) € ly!mR because

S wilr= Y @) =1,

mesupp(IT) mesupp(IT)
i€q(Ro)
This shows that (u, IT) € ly!MR - px as announced. a

Proof of Lemma 8. We prove that p, x -px = M Px - Px, so let (u, M) € I X x
'm!m!'mX. Assume first that (u, M) € py, x-px, that is Y(X(M)) = p. We
define M € M™¥X as follows:

M)= Y M(N).
NelyluX
Y(N)=v



Then M € ly!yX. Indeed, for each v € supp(M) we can find N € supp(M) such
that v € supp(IV), hence supp(M) C Upyesupp(rr) SUPP(V) and this latter set is
finite. We have

> > M©N) |v

Ve!]v_[X E(N):V

= Y M@I)X(N)
Nely!uX
— D(Z(M) = p

and hence (u, X¥(M)) € px. Let © € M(IyX x ly!mX) be defined by

M(N) if Y(N)=v
0 otherwise.

O(v,N) = {

Then clearly supp(©) C px. Moreover, we have » o, + O(v,N) = M(N) for all
N € vlwiX and 3y e, x OW N) = 35 (ny=, M(N) = M(v) for all v € ly X,
by definition of M. This shows that © is a witness of (M, M) for px. So we have
shown that (M, M) € lypx and therefore (1, M) € lypx -px-

Assume conversely that (u, M) € lypx - px- Solet M € !y X be such that
(u, M) € px and (M, M) € lmpx. Let © € M(IyX x Iy!mX) be a witness of
(M, M) for py. Since supp(©) C py, there is a map H : lylyyX — M such that

H(N) if 2(N)=v

0 otherwise.

O, N) = {

For any N € ly!mX we must have M(N) =3 ., + O(v,N)) = H(N) so that
H = M. Therefore we have M(v) = 3 5 y)_, M(N) for all v € IyX. By
Lemma 9 we have

Z(EM)= Y, M(N)E(N)

NelylmX
= ( > M(N)y)
velyX \ Z(N)=v

= Z M)y since M(v) = Z M(N)

velyX Y(N)=v
=X(M)=pn

Therefore (u, M) € p,, x - Px- |



Proof of Proposition 5. The second bijection is n = {(x,[])}. The first one is

nx,,x, = {((1, p2),int(pr) +ing(pe) | 1 € Xy and po € 'lwXo}

where in; (1) = >, x, #(a)[(i, a)]. Let us check that this isomorphism is natural,
solet R; C X; xY; for i = 1,2. We must check that ny, y, - (IMR1 ® lmR2) =
'M(Rl & Rg) *NX, X, So let Wi € 'mX; and v; € lyY; for i = 1,2.

Assume first that ((Mlvu2)7 inl(yl) + ing(VQ)) € nNy,y, - ('MRI ® 'MRg) This
means that one can find v, € lyY; for i« = 1,2 such that (u;,v)) € lmR; for
i = 1,2, and ((v1,v4),in1(v1) + ina(12)) € ny, y,. This means that v; = v} for
i = 1,2. Since (u1,v1) € Ry, we have (iny(p1),in1(r1)) € 'm(R1 & R2) and
similarly (ing(u2),in2(v2)) € m(R1 & Rs) and hence (ing(u1) +ing(pe),ing (1) +
ing(UQ)) € !M(Rl & Rg) by Lemma 4. But ((Ml,/j,g),inl(,ul) + ing(ug)) € nx, x,
and we have therefore ((p1,p2),in1(v1) +in2(12)) € (R & Rz) - nx, x,.

Assume conversely that ((p1, 2), in1(v1)+inz(12)) € m(R1 & R2)-nx, . x,, S0
that there exist p} € Iy X; for ¢ = 1,2 with ((u1, p2), in1(p]) +in2(uh)) € nx, x,
and (ing(p}) + in2(wh),ini(v1) + ina(r2)) € m(R1 & Rgz). Therefore u; = p;
for ¢ = 1,2 and hence (iny(u1) + ina(pe),ini(v1) + ina(v2)) € m(R1 & R2).
Let ¢ be a witness of (inq(p1) + ina2(p2),in1(v1) + in2(v2)) for Ry & Ra. Since
supp(¢) C R; & Ry, we have (ul,yi) € luR; for i = 1,2: take ¢; € M(X; x Y;)
defined by ¢;(a;, b;) = ©((i,a;), (i,b;)), then ¢; is a witness of (u;,v;) for R;. It
follows that ((u1,u2), (v1,12)) € 'MR1 ® Iy Ry and therefore ((p1,p2),ing(v1) +
ing(Vg)) €Ny, vy, - (IMRI (9 !MRQ). O



