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Abstract

We study the notion of logical relation in the coherence space semantics of multiplicative-
additive linear logic MALL. We show that, when the ground-type logical relation is “closed
under restrictions”, the logical relation associated to any type can be seen as a map associating
facts of a phase space to families of points of the web of the corresponding coherence space.
We introduce a sequent calculus extension of MALL whose formulae denote these families of
points. This logic MALL(J) (where I is a set of indexes) admits a truth-value semantics in the
previously mentioned phase space, and this truth-value semantics faithfully describes the logical
relation model we started from. Then we generalize this notion of phase space, we prove a
truth-value completeness result for MALL(7) and we derive from any phase model of MALL(J)
a denotational model for MALL. Using the truth-value completeness result, we obtain a weak
denotational completeness result based on this new denotational semantics.

This paper is a preliminary version of the article [BE00] with the same title published in Annals
of Pure and Applied Logic, Volume 102, Issue 3, 15 April 2000, Elsevier.

Introduction

Logical relations are a tool introduced by Plotkin (see [Mit90] for a survey) for the purpose of refin-
ing the denotational semantics of functional programming languages such as PCF. It corresponds
to a standard tool for proving syntactical results in proof theory, the Tait’s reducibility method.

Among other applications, logical relations have been used for defining fully complete deno-
tational models of PCF. A model of PCF is said to be fully complete when any element of the
interpretation of any type is the denotation of a PCF term of the corresponding type. Fully com-
plete models, when they are defined in a syntax-free way, provide mathematically appealing tools
for reasoning on syntax. Using logical relations, Sieber in [Sie92] obtained a full completeness re-
sult for some low types of PCF, and O’Hearn and Riecke in [OR95] obtained a full completeness
theorem using some generalization of logical relations (Kripke logical relations).



As this method has proved powerful in the intuitionistic setting of PCF, we investigate here its
extension to linear logic, and more precisely, for the time being, to the exponential-free fragment
of linear logic, aiming at some kind of full completeness, if possible. Our study is based on the
coherence space semantics of linear logic of [Gir87]. As we are dealing with first order propositional
logic, we have no atomic formulae but the two multiplicative constants 1 and 1 and the two
additive constants, 0 and T. Within this framework, the expressive power of coherence space
semantics seems to be too low for reaching full completeness, even if logical relations are at hand.
So, following [Gir99a] (in a special case) we consider a generalization of coherence space semantics
where cliques are replaced by maps from cliques to a fixed commutative monoid P (such a map is
called a P-clique). For practical reasons, we prefer to see a P-clique as a total map from the web
to Py, where Fy is obtained by adding to P a new element 0 (we extend the monoid structure of
P to Py by requiring 0 to be the absorbing element), the elements mapped to 0 being those which
do not belong to the underlying clique.

If I is a given set of indices, we consider coherence spaces X equipped with a set of I-indexed
families of P-cliques, which is intended to be a logical relation on X. As we want the linear negation
to be involutive, we require this set of families to satisfy a closure property defined in terms of an
orthogonality relation between [-indexed families of P-cliques of X and I-indexed families of P-
cliques of X+. This notion of orthogonality itself is based on the choice of the relation for the space
L, which is arbitrary, and completely defines the logical relation model': given X and Y coherence
spaces endowed with such relations, there is a canonical way of endowing X @ Y, X Y, X @Y
and X & Y with such a relation. In particular, the relation on X — Y, which can be seen as a
space of functions, is defined in the usual applicative way, and the relation on X & Y (cartesian
product) is defined componentwise, like in the semantics of A-calculus. One can check that the
model obtained in that way is just a particular case of the semantics proposed in [Gir99al. This
verification is not included in the present paper as it does not seem to enlighten the following steps
of our constructions.

Observe that the logical relation on L (which, as a coherence space, has only one element in its
web) is nothing but a set of elements of POI. So our logical relation model is defined by the monoid
P and a subset L; of P} which itself has a canonical structure of monoid (as the I-product of Fy).
These are the plain ingredients of the phase semantics of linear logic [Gir87].

We show that, under the assumption that L satisfies a natural condition (closure under re-
striction), all the operations on relations performed in the category of coherence spaces endowed
with relations can be described in terms of operations on facts in the phase model (P{, L;). More
precisely, we show that a logical relation on a coherence space can be viewed as a map associat-
ing to any I-indexed family of the web of this coherence space a fact of (P}, L) and satisfying a
uniformity property. This shift of viewpoint is similar to the introduction of hypercoherences as
particular qualitative domains with coherence in [Ehr93] and is discussed more thoroughly in the in-
troductory part of section 3. We observe moreover that, when a connective of MALL is interpreted,
the corresponding operation on these maps is similar to the operation performed for this connector
in the phase semantics of MALL: this correspondence is exact for the multiplicative constants and
connectives, but for the additives, new operations on facts are introduced, which intensively use
the indexed structure of the phase model.

This leads to the following idea. Consider a formula F' of MALL and a subset .J of I, and let

'This space L plays the same role as the “ground type” (typically, the type of natural numbers, or the type of
booleans) in the definition of logical relations for (enriched) simply typed lambda-calculi such as PCF: remember
that the relation has only to be defined at ground type, and is then automatically “lifted” to all types.



X be the coherence space interpreting F in the coherence space? semantics. Let a be a J-indexed

family of |X|. Then we can associate to a a formula F(a) (depending also on F') in an extension
MALL(I) of MALL where each formula has a “domain” which is a subset of I (of course, the domain
of F(a) is J). Then we give a sequent calculus for this system MALL([/), which turns out to be a
conservative extension of the system MALL (from this viewpoint, MALL is the fragment of MALL(T)
consisting of all the formulae of empty domain, corresponding to empty families of points of the
web). We observe then that this logical system MALL(I) admits a phase semantics in (P{, L)
such that the fact associated to a in the logical relation semantics described above coincides with
the fact associated to F(a) in the phase space (P, L7). We also prove that the formula F{a) is
provable in MALL(Z) iff the family of points « is contained in the denotation of a proof of F in
MALL (we refer below to this property as to the basic property of MALL(I)). So we may hope to
be able, from a complete model of MALL(), to build a denotationally complete model of MALL.
But unfortunately, there is no complete model of MALL(7) of the shape (P{, 1;).

This particular class of models is sound for a strict extension MALLq (1) of MALL(I), where any
sequent of empty domain is taken as an axiom. This corresponds to introducing partiality in the
syntax itself, a common practice in A-calculus. This extension is strictly stronger than MALL(]),
as a sequent of empty domain is provable in MALL(I) if, and only if, the corresponding sequent of
MALL (obtained by simply forgetting all domain informations) is provable (in MALL). But we also
show that this particular class of model is not complete for MALLg (7). So we are led to considering
a wider class of phase models of MALL([), and for this, we are guided by the syntax of MALL(T).
Such a model is just a standard phase model, together with a P(I)-indexed family of idempotent
elements. We prove a truth-value completeness result for MALL(/) in that phase semantics.

Last, coming back to our original denotational motivations, we show how such a phase model
can be used for defining a denotational model of MALL. In particular, when the phase model
is complete for MALL(I), it gives rise to a denotational model which is “weakly” denotationally
complete: we can characterize in the coherence space model the sets of points which are contained
in the interpretation of some proof of MALL. Thus, on one hand the notion of logical relation
boils down to phase semantics for an appropriate logic, while the subdefinability property which
we want to characterize boils down to provability for the same logic. Hence the weak denotational
completeness problem “boils down” to the completeness of the phase semantics for this logic.

The logical system MALL(I) can also be considered as a new kind of logic of domains, very
much in the spirit of Abramsky’s theory of domains in logical form (see [Abr91], and also [AC98]).
This theory, which is based on Coppo-Dezzani’s intersection types discipline and its connection
to denotational semantics (see [CDHL84, Kri90]), develops the idea of considering the (compact)
elements of denotational models of the A-calculus as formulae, or as types of a typing system for the
A-calculus (and in that case, a term has a given type if and only if its denotation is greater than the
compact element of the model corresponding to this type: compare with the above basic property of
MALL(Z)). These formulae express operational properties of the terms they belong to in the model.
In MALL(7), we have a similar situation since a formula denotes a family of points of the web of
the underlying MALL formula. Following strictly the logic of domains philosophy, formulae should
correspond to sets of points of webs rather than to families thereof. This apparently minor change
seems to explain the good logical properties of MALL(/) (sequent calculus, phase semantics). The
precise operational meaning of the MALL(/) formulae has still to be understood.

Various aspects of the material we develop in this paper have some analogues in previous works

2 Actually, the coherence relation does not play any role here, the only relevant information is the structure of the
web.



by several authors. The deepest connections are to be found with the work of Girard on denotational
completeness [Gir99a). The idea of dealing with families of points of the webs rather than with sets
was present in a generalization of hypercoherences by Winskel [Win94]. The idea of generalizing
coherence models by associating “truth values” in a quantale to sets (instead of families) of points
of the webs was present in the work of Lamarche [Lam95], but his interpretation of the additives
is different from ours.

We assume from the reader some acquaintance with phase semantics and denotational semantics
of linear logic. Many references are available on these topics, we mention in particular [Gir87,

GLT89, Gir95, AC98].

1 Preliminaries: coherence semantics

Let us start by reminding some basic definitions on coherence spaces. Our purpose here is just to
make precise our terminology and notations.

We remind that a coherence space X is a finite or denumerable set |X| (the web) equipped
with a binary reflexive and symmetric relation (the coherence relation): we write @ ©x b when the
elements @ and b of | X| are coherent. A cliqgue of X is a subset z of |X| whose elements are all
pairwise coherent:

Ya,bexz ax b
One denotes by Cl(X) the set of all cliques of z.

In this paper, we are concerned with the fragment MALL of linear logic consisting of the following
formulae:

e The constants 1 and L (multiplicative constants).
e The constants 0 and T (additive constants).

o If A and B are formulae of MALL so are A ® B (tensor or times) and A % B (par): these are
the two multiplicative connectives of linear logic.

e If A and B are formulae of MALL so are A& B (plus) and A & B (with): these are the two

additive connectives of linear logic.

If Ais a formula of MALL, the formula A% (linear negation) is defined inductively, using the
De Morgan law which exchanges the two connectives of each of the four kinds of connectives
enumerated above.

Each of these formulae can be interpreted as a coherence space. More precisely, we give for
each of the eight connectives above a corresponding operation on coherence spaces (with the same
notation).

e The coherence spaces 1 and L are identical: they are the unique (up to isomorphism) coher-
ence space whose web is a singleton {x}.

e The coherence spaces 0 and T are identical: they are the unique coherence space whose web
is empty.

X

are coherent

e If X is a coherence space, X+ has the same web as X, and two elements of
in X+ if they are equal or not coherent in X.



e If X and Y are coherence spaces, the coherence spaces X @ Y and X ¥ Y have | X| x |Y| has
web. Two elements (a,b) and (a’, ) of this web are coherent in X®Y ifa ©x o’ and b &y b'.

Using the De Morgan law and the definition above for X1, one derives easily the coherence
relation for X % Y. One defines the linear implication of X and Y by X Y = X1 Y.

e If X and Y are coherence spaces, the coherence spaces X @Y and X & Y have | X|+|Y| =
{1} x| X|U{2} x |Y| as web. Two elements (¢, ¢) and (j, d) of this web are coherent in X Y
if ¢+ = 7 and ¢ and d are coherent in the corresponding component of the sum. Using the
De Morgan law and the definition above for X1, one derives easily the coherence relation for

X&Y.

If X and Y are coherence spaces, there is a canonical bijection between CI(X & Y') and CI(X) x
CI(Y). And there is a canonical bijection between CI(X — Y') and the functions f from CI(X) to
Cl(Y), which are linear in the sense that for any V' C CI(X) such that JV € CI(X), f(UV)
U f(V) and stable in the sense that, for z,y € C1(X) such that 2 Uy € CI(X), one has f(zNy) =
f(=) 0 f(y).

If A is a formula of MALL, let us denote by A* the coherence space defined by using inductively
the constructions above on coherence spaces. If - I' is a sequent of MALL (that is, I' is a sequence
['y,...,T, of formulae of MALL), its associated coherence space is [* =T1*% ... B T',".

To any proof 7 in MALL of a sequent F I', one associates a clique 7* of the coherence space I'*.
This clique is defined by induction on the proof 7 as follows.

o If 7 is the axiom

F1
then 7* = {x}.
e If 7 is the axiom
FT, T
then 7* = (.
e If 7 is the proof
7
FT
T, L
then 7* = {(7,%) | 7 € m"}.
e If 7 is the proof
7
FT,A, B
FT,A®¥ B
then 7* = {(7, (,0)) | (7,4,6) € 7"},
e If 7 is the proof
7 72
FT,A FA,B
FT,A,A® B

then 7* = {(7,4, (a,)) | (7,0) € 7" and (5,8) € my"}.



e If 7 is the proof

-y

T, A
FI,A® B
then 7* = {(77 (1,@)) | (77“) € 771*}'
e If 7 is the proof
T
FIT,B
FI,A® B
then 7 = {(77 (27b)) | (771)) € 771*}'
e If 7 is the proof
T e
FT,A FT,B
FI,A& B

then 7 = {(v, (1,a)) | (v,a) € 1"} U{(7,(2,0)) | (v,b) € m"}.
e If 7 is the proof
7y 72
FT,A FA, AL
FT,A
then 7* = {(v,4) | Ja (v,a) € m1* and (6, a) € my*}.

We now show how this semantics can be parametrized by an arbitrary commutative monoid.
This will give us more possibilities for defining logical relations.

Let P be a commutative monoid (its unit will always be denoted by 1, and the product of two
elements p and ¢ of P will be denoted by pq).

Let Py be the commutative monoid obtained by adjoining to P a zero element 0, that is an
element satisfying Op = 0 for all p € P.

If we endow P with a discrete structure of coherence space (that is, p Tp ¢ iff p = ¢), then it
becomes a -monoid (see [Gir99a]) that we shall still denote by P, with unit and multiplication
given in the most obvious way by the corresponding operations of the monoid P. So, following
the constructions given in [Gir99a], we get a *-autonomous category Coh(P) which has all the
structure required for being a model of linear logic. We describe now this category explicitly.

The objects of Coh(P) are the coherence spaces. If X is a coherence space, a P-cligue of X is
a clique of X % P (where P is considered as a discrete coherence space). In other terms?, it is a
map i : | X| = Py such that the set

|l = {a € | X]] p(a) # 0}

that we shall call the support of u is a clique of X.

#Observe that the additional element 0 of P corresponds exactly to the empty clique of the ¥-monoid associated

to P.



When X is a coherence space, we denote by Clp(X) the set of its P-cliques. If y € Clp(X) and
p' € Clp(X1), we can define

(ulpy=">" pla)(a) € Py

ac|X|

This sum makes sense because all of its elements, but possibly only one, are zeros, as |u| N |u'| has
at most one element (this is the main technical reason why we are working with coherence spaces
instead of arbitrary sets).

If X and Y are coherence spaces, a morphism from X to Y is a P-clique of X — Y. The
identity morphism from X to X is the P-clique Id : | X| x |X| — P, given by

1 ifa=4d

0 otherwise

1d(a, o) = {

Composition of morphisms is defined as a product of matrices: if ¢ is a morphism from X to
Y and % is a morphism from Y to Z, the function

vop:|XIx|Z] = B
(6,0) = > wla b))

be|Y|

is a morphism from X to Z (the sum above makes sense, due to the fact that both ¢ and ¢ are
cliques).

In particular, as there is an obvious bijective correspondence between the morphisms from 1 to
X and the P-cliques of X, when ¢ is a P-clique of X — Y and p is a P-clique of X, we can apply
® to p, getting a map v : |Y| — Py given by

vi)= > ¢la,b)u(a)
(a,b)€|X —oY|

which is a P-clique of Y. This P-clique will be denoted in the sequel by o[u].

If ¢ is a morphism from X to Y, its transpose @ is a morphism from Y1 to X+ defined (as a
P-clique) by ¢t (b,a) = ¢(a,b) for (a,b) = |X|x |Y|. If p € Clp(X) and v/ € Clp(Y'1), then the
following standard adjunction equation holds

(el V) = (ul ¢ VD) -
Conversely, one can check that if f : Clp(X) — Clp(Y) and f': Clp(Y 1) = Clp(X 1) are maps
satisfying
() [V) =l ')

for all 4 € Clp(X) and v/ € Clp(Y1), there exists exactly one ¢ € Clp(X —Y) such that

[(1) = plp] for all p € Clp(X).
Let o1 : X1 — Y] and @3 : X5 — Y5 be two morphisms. Their tensor product is defined by

(21 @ @2)((ar, az), (by,b2)) = wi(ay, by)pa(ay, by)

for a; € |X;| and b; € |Y;| (¢ = 1,2). It is straightforwardly a P-clique of (X7 ® X3) — (Y1 ® Y3),
and so the tensor product becomes a bifunctor on the category Coh(P).



In particular, if u; € Clp(X;) (for ¢ = 1,2), one has g1 ® pg € Clp(X; ® X3), defined by
(p1 @ pa)(ar,az) = pi(ag)pz(az). Then ¢ ® g is completely characterized by the following
functional behavior:

(1 @ )11 @ p2] = @1p1] @ p2p2]

for all py, ps.

Any morphism ¢ : (X ® Y) — Z can be transposed into a morphism ¢’ : X — (Y — Z) by
setting simply ¢'(a, (b, ¢)) = ¢((a,b), c). This operation turns Coh(P) into a symmetric monoidal
closed category, which is actually a x-autonomous category, the dualizing object being the one point
coherence space L whose web is the singleton {x}.

We now describe the additive structure of Coh(P). This category has a terminal object, namely
the coherence space T, whose web is the empty set. The cartesian product of two coherence spaces

X; and X3 is Xy & Xy, the projections are 7; : (X7 & X3) —o X, given by

. [ 1 ifj=ianda=0b
mi((J,a),0) = { 0 otherwise
In particular, if p € Clp(X; & X;), one has m[p](a) = p(i, a) (for a € | Xi).
If ; : Y — X; (for ¢« = 1,2) are two morphisms, their pairing (¢1,¢2) : Y — (X1 & X3) is
given by

(¢1,02)(b, (5, a)) = 9 (b, a)
Observe that we have a bijection between Clp(X; & X3) and Clp(X;) X Clp(X32).

The sum X; @ X, is given by X1 @& Xy = (le‘ & XQJ‘)J'. Let p; € Clp(X;). We denote by
Ai(pi) the corresponding P-clique in Xy @ X, which, as easily checked, is given by

: pi(a) ifi=j
s (11 — .
i), @) { 0 otherwise
Observe that the plain model of coherence spaces presented at the beginning of this section is
just the model Coh(P) when P is the one element monoid.
If X is a coherence space, then to any clique z of X, we associate a P-clique z¥ given by

xp(a):{ 1 ifacx

0 otherwise

2 Logical relations

Let I be a set which is fixed, once and for all.

We define a notion of I-indexed logical relation in the model Coh(P) previously described. The
first thing to do is to give the relation on the one point space L: this will be the only parameter for
the logical relation model we are aiming at. So we endow L with a subset L of Clp(J__)I. Observe
that L7 can also be considered as a subset of the product monoid Pl

Let X be a coherence space. Let u € Clp(X)' and y/ € CIP(XJ')I. We shall say that g and g/
are orthogonal if the family ({(u; | u*))ser (also denoted (u | p')), which is an element of B}, belongs

to Lz. In that case, we shall write u L p'.
If R C Clp(X)!, we denote by RL the set

RE = (W e Clp(XY | Vue R pu Ly}



It is clear that one always has R C R+L. We shall say that the relation R is prelogical if
R = R1L. Observe that for any R’ C Clp(XJ‘)I, the relation R'* is prelogical (on X). Observe
also that L7 is always prelogical on L. This is due to the fact that the relation L7t contains the
family (v;);es of P-cliques of 1 = L+ defined by v;(x) = 1 for all i € I (the unit of the monoid
Pyh.

We now explain how, given L7, to endow the interpretation of any formula of linear logic in
Coh(P) with a prelogical relation. Rather than giving an inductive definition on formulae, we
prefer to define a new category Coh(P, L7). An object of this category is a coherence space X
endowed with a subset Rx of Clp(X)! which is prelogical. A morphism from (X, Rx) to (Y, Ry)
is just a morphism in Coh(P) from X to Y.

We shall still denote by A* the interpretation in this category of a formula A of MALL, as the
underlying coherence space of this relational coherence space will be the interpretation of A in the
category of coherence spaces.

Again, what we present here can be considered as a special case of the general construction
of [Gir99a].

The space L is endowed with the relation Lj, and the space 1 is endowed with the relation
L7, More generally, X+ will always be endowed with the relation (RX)J‘.

Observe that Clp(T)! has one element, namely the family ¢ given by ¢; = 0 where 0 is the
empty map from () to Py. We take R+ = {¢}. Then Ry = (R1)* is empty if L7 does not contain
the constantly zero family, and non-empty (that is, equal to {¢}) otherwise.

Let p € Rx and v € Ry. We denote by p ® v the family (u; ® v;);e7. We shall set

Rx®RY:{u®V|MERX andI/ERy}.

Then we set

Rxoy = (Rx@Ry)"" .
So, for respecting the duality constraints of linear logic, we must set
Rxny = (Rx1@Ry1)"

As we have X — Y = X+ % Y, the previous formula gives us the relation Rx_y. If ¢ €
Clp(X — Y)I and u € Clp(X)I, we shall denote by @[] the family (¢;[ui])ier-

Proposition 1 Let ¢ € Clp(X — Y)I. We have ¢ € Rx oy iff
Ve € Rx lul € Ry .

Proof: Let ¢ € Rx_y and let p € Rx. We must show that ¢[u] € Ry. For this it is enough to
show that
Ve (Ry)t olul LV

since we know that Ry = (Ry)*". But one can check that

(plul [ V) = (p | p@ V)

and we have p ® v/ € Rx@Ry 1.
One proves similarly that, if ¢ € Clp(X — Y)I satisfies ¢[u] € Ry for all 4 € Rx, then
¥ € Rx_oy. n



If 4 € Ry, we set Ay (i) = (M (i))ier, which is an element of Clp(X & Y)’. Then, let
Rx®Ry = { i(p) | p € Rx}U{X(v) | v € Ry}
which is a subset of Clp((X & Y))!. We set
Rxasy = (Rx&Ry)™

and so,

Rxey = (Ry1®Rys)" .
As usual, if p € Clp(X & Y)', we denote by 7;(p) the family (x;(pi))ier.

Proposition 2 Let p € Clp(X & Y)I. We have p € Rxgy iff m1(p) € Rx and m3(p) € Ry.

The proof is a straightforward verification.

An object of Coh(P, L) will be called a relational coherence space.

Let X be a relational coherence space. A clique z of X will be said to be ¢nvariant if the
I-indexed family u such that u; = zf for all i € T belongs to Ry, that is, if ¥ belongs to the
diagonal of Rx. It is easy to check that the interpretation of any proof in MALL of a formula A is
always an invariant clique of the corresponding relational coherence space A* (this corresponds to
the standard “lemma of logical relations”).

3 The phase space viewpoint

We shall develop now another viewpoint on the logical relations introduced in the previous section.
The idea behind this change of perspective is not new, and might be summarized by the following
slogan, that we consider as a powerful methodological guideline in denotational semantics:

As much as possible, express everything at the level of atoms.
Let us present two applications of this paradigm (see [AC98, Ehr93] for more details).

e From dI-domains to coherence spaces. Guided by deep computational intuitions, Berry intro-
duced the notion of stable function. The need of cartesian closedness and w-algebraicity led
him to consider a more restricted class of domains than Scott domains: the dI-domains. A
crucial step has been taken by Winskel, who observed that all the structure of a dl-domain
can be expressed at the level of its prime elements, which constitute an event structure. In
particular, he observed that coherence can be described by a binary predicate on prime ele-
ments. The next* shift of viewpoint has been achieved by Girard. He introduced qualitative
domains, which can be considered as event structures where the order relation is trivial, and
then made the same observation as Winskel, namely that coherence can be limited to be
pairwise, and this led him to the notion of coherence space. The elements of the web of a
coherence space are the prime elements of the corresponding dI-domain, and all these primes
are atomic (this is of course not the case in a general dI-domain). Coherence spaces constitute
probably the smallest “natural” cartesian closed category of stable functions. Focusing his
attention on this particular atomic case, Girard discovered linear logic.

*We do not give here an historical account. A large part of these results have been obtained independently, with
different motivations.
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e From qualitative domains with coherence to hypercoherences. The authors of the present pa-
per introduced some years ago the idea of strong stability, another approach to sequentiality.
The objects of their first model were qualitative domains equipped with an additional struc-
ture called “coherence”, a predicate on the finite sets of finite elements of the domain. For
various technical reasons, the second author has been led to restrict his attention to particu-
lar qualitative domains with coherence, where the coherence is determined by its restriction
to the sets of singletons, and where this “atomic coherence” determines the elements of the
qualitative domain itself. He called hypercoherences these particular qualitative domains with
coherence, and observed that they were not only a model of the A-calculus, but also of linear
logic. This was already a surprising outcome, but moreover, this shift of viewpoint allowed
him to prove results relating tightly strongly stable functions to sequential algorithms, leading
to an operational interpretation of strong stability.

We shall now adopt a similar approach. A prelogical relation on a coherence space X is a set of
I-indexed families of P-cliques of X. We want to restrict our attention to the “atomic” prelogical
relations. We shall say that a prelogical relation is atomic when it is completely determined by
those of its elements which are I-indexed families of P-cliques whose support contains at most
one element. We shall show that, under the hypothesis that L7 is closed under restriction, any
prelogical relation is atomic in that sense. This shift of viewpoint will have interesting outcomes:

e Logical relations will be naturally described in terms of phase semantics, and this will lead
to the idea of a “logic of web-based domains”.

e The closure condition imposed to 1 j will have another consequence, which is the introduction
of partiality in the model. This will appear clearly later, when we shall state our “weak”
completeness result in section 7. This result do not state that an invariant clique is equal to
the interpretation of a proof, but that an invariant clique is contained in the interpretation
of a proof: it is weak in that sense.

e Most importantly, phase semantics will become more primitive than logical relations, and
even than coherence semantics itself. The coherence space structure of the webs associated
to formulae played a crucial role in the logical relation setting: remember that coherence is
essential in the definition of the orthogonality relation between families of P-cliques of X and
families of P-cliques of X*. After “atomic reduction”, the notion of logical relation, expressed
now in terms of fact-valued functions on | X |’ (where X is the coherence space associated to
some formula) will not depend anymore on the coherence relation of X, and this is easy to

understand: this atomic reduction consists in focusing ones attention on cliques having at
most one element, that is, on the empty set and on all the singletons of the web. These are
precisely the only cliques which do not depend on the coherence relation. The phase-valued
notion of coherence becomes more primitive than the notion of clique we started from: the
similarity with hypercoherences is striking here. We shall see in particular in section 7 how
various natural coherence relations on the web (not only the binary notion of coherence space)
can be retrieved as particular phase valued functions.

If U and V are two subsets of a monoid, we denote by UV the set {mn | m € U, n € V} and
if m is an element of the monoid, we denote by mV the set {m}V. A phase space is a pair (M, 1)
where M is a commutative monoid and L is a subset of M. If U is a subset of M, one defines
U+ as the set of all the elements m of M such that mU C L. One has always U C U+, and one
says that U is a fact when U = U++. Since the equality U+ = UL+ always holds, one can also
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say that a fact is a subset of M which is the orthogonal of some subset of M. In the phase space
truth-value semantics of linear logic, formulae are always interpreted by facts. See [Gir95] for more
details on the phase space semantics of linear logic.

We now consider (POI, 1) as a phase space, that we shall simply denote by Py!. We suppose,
in all the sequel, that 1 satisfies the following closure condition:

Vee {0,1}) el;Ciy.

It is straightforward to check that any fact F of Py’ has the same closure property: ¢F C F
for all £ € {0,1}.

This closure property of L7 has a useful consequence.

Let F be a set. If a,b € F!, we denote by §(a,b) the element of {0, 1}! defined by

1 ifa;, =0
0 otherwise

§(a,b); = {

Lemma 3 Lel X be a coherence space, and let p € Clp(X)! and ' € C'lp(XJ‘)I. Then p L ' iff
Va € |X|T pla)p'(a) € Ly .

Proof: The condition is obviously sufficient, as there exists a € | X|” such that (u | u') = p(a)p!(a).
Assume that (u | p') € Ly and let b € | X|! be such that (u | ') = p(b)i'(b). Let a € |X|I. We
have

() (@) = (e, DB (D)
which we prove as follows: let ¢ € I, and assume that p;(a;)pi(a;) # 0. Then a; € |p| N |pi]. But
then we necessarily have a; = b; (by definition of b).
Since p(b)p'(b) € Ly, and since §(a,b)L; C Ly (closure condition on Ly), we have p(a)p'(a) €
1y n
Let a € |X|! and let p € Py!. We denote by [a, p] the element of Clp (X)I given by
if b =aq,

otherwise

[a, pli(b) = { gi

for any b € | X|. In other words, for b € | X |, one has [a, p](b) = §(a,b)p. For any i’ € Clp(XJ')I,
we have

([o;p] | #) = pp'(a) -
Let X be a coherence space, and let R C Clp(X)I. For any a € |X|!, we set
R(a) ={p(a) | n € R}
It is a subset of P,’.
Lemma 4 Lel X be a coherence space, and let R C Clp(X)I. For any a € | X|!, one has

Ri(a) = R(a)"
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Proof: Let p' € ﬁ(a), and let p € ﬁ(a). We must prove that pp’ € L;. So let p' € R+ and
p € R be such that p = p(a) and p’ = p/(a). Since p L p/, we have p(a)p'(a) € L1 by lemma 3.
Conversely, let p' € ﬁ(a)J—. It is enough to show that [a,p’] € R*. Let u € R. We have

(| [a, pT) = pla)p’

and we are done, since pu(a) € ﬁ(a). .

As an immediate corollary, we get the first statement of the next proposition.

Proposition 5 Let X be a coherence space, and let R be a prelogical I-relation on X. Then for
all a € | X|!, the set R(a) is a fact of Py'.
Moreover, we have

R(a)={pe R |[a,pl € R} .

The proof of the latter statement is straightforward (one uses the fact that R is prelogical). This
statement expresses that, for defining R, the “atomic part” of R suffices.
Let ]:(POI) denote the set of all facts of the phase space Py!. Given a prelogical I-relation R
on X, we have defined a map
R:X|T = F(R)
The following result expresses a uniformity property of this map.

Lemma 6 Ifa,bc |X|!, then

8(a,b)R(a) = 8(a, b)R(b)

The proof is straightforward.
This motivates the following definition.

Definition 7 Let X be a coherence space, and let R be a map from | X | to P(Py!) (we say that
R is relative to X ). One says that R is uniform if for all a,b € |X|,

5(a,b)R(a) = 8(a, b)R(b) .

Given a map R : |X|I — P(Py!) relative to the coherence space X, one defines R C Clp(X)I
as follows:

R={peClp(X) |Vae|X|' u(a)€ R(a)}.
One also defines R : | X|T — P(Py?), relative to X+, by
R*(a) = R(a)*

where the orthogonal on the right side is taken in the phase model Py’.

Lemma 8 If R : |X|! — P(R?!) is uniform and satisfies eR(a) C R(a) for all a € |X|' and

e €40,1}, then

RL=F".

So this equation holds in particular when R takes only facts as values.
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Proof: Let ' € RL. We prove that p/ € R So let i € R. Let a € | X|! be such that
(| ') = pla)p(a) .

By definition of R and RL, we have u(a) € R(a) and p'(a) € R(a)*, and we conclude. Observe
that we have used none of the hypotheses on R here.

Conversely, let u’ € R". We have to prove that ' € RL, so let a € |X|, and let p € R(a). We
have to prove that pu'(a) € L;. We show that [a,p] € R. Let b € | X|!. We have

[a, p](b) = 6(b, a)p

but §(b,a)p € §(b,a)R(a) = 6(b, a)R(b) by uniformity of R. Since (b, a)R(b) C R(b), we conclude
that [a, p](b) € R(b), and so [a, p] € R. Now, since

([a,p) | 1) = pp'(a)
we conclude that ' € ﬁ, as required. "

Definition 9 Let X be a coherence space. A factual I-valuation on X is a uniform map from | X |’

to F(PyT).

By the previous lemma, if R is a factual I-valuation on X, then R is a prelogical I-relation on
X. Actually, we have established a bijective correspondence between the factual I-valuations on
X and the prelogical I-relations on X.

Propositiori 10 If R is a prelogical I-relation on X, then E =R, and if R is a factual I-valuation
on X, then R=R.

Proof: Let R be a prelogical I-relation. It is clear that R C R. Let e R. We use the fact
that R = RLL. Solet /' € RE. Let a € |X|! be such that (u | p') = p(a)p/(a). We have
u(a) € R(a), so let v € R be such that pu(a) = v(a). We know that v L u'. Let b € |X|! be such
that (v | @) = v(b)p'(b). We conclude by proving that

u(a)p (a) = 8(a, byv(B)u'(b) -

So let ¢ € I and suppose that a; # b; (otherwise, there is nothing to prove). Assume, towards a
contradiction, that g;(a;)pi(a;) # 0. Then a; € |pi|N|pl]. As vi(a;) = pi(ai), we have a; € |v;|N|ul|,
thus |v;| N |pt] # 0, but then we must have |v;| N |pi| = {b;}, contradiction.

Let R be a factual I-valuation on X. Let a € |X|!. The inclusion R(a) C R(a) is straightfor-
ward. Let p € R(a). We prove that [a,p] € R as in the proof of lemma 8, using the uniformity of
R, and the fact that R takes facts as values. .

Remark: In the unary case (when I is a singleton), this correspondence is particularly simple.
In that case, as soon as Ly is non-empty (that is, contains 0), any fact-valued function on | X| is
a factual I-valuation on X (any facts of (Fp, L;) must contain 0, and so the uniformity condition
automatically holds), and so we have a bijective correspondence between unary prelogical relations
and fact-valued functions on |X|. However, this unary case is too restricted for our purpose. We
shall see in the sequel that the treatment of additives involves multi-ary factual valuations.
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So a relational coherence space can be considered indifferently as equipped with a logical I-
relation, or with a factual [-valuation. The object of the next statements is to express the con-
structions of the previous section from this latter viewpoint.

We shall denote by Rx the factual valuation associated to the relational coherence space X
(that is Ry = Rx).

Observe first that | 1| has only one element (that we still denote by #), and that R, () = L.
So that Ry(x) = 1t = {1}J‘J‘ where 1 is the unit of Pp’.

As to the tensor product, observe first that there is a canonical bijection between | X ® Y|! and

X x |Y|!. We shall implicitly use this bijection in the sequel.

Proposition 11 Let X and Y be two relational coherence spaces. The mapping Rxgy is given by
Rxgy (a,b) = (Rx(a)Ry (b))™*

for all a € | X|" and b € |Y|'. Equivalently,

Ry (a,b) = (Rx(a)" Ry(b)")"
Proof: We prove that Ry 15y 1(a,b) = (Rx(a)Ry (b))*. Let r € Ry1xgys(a,b). Let p € Ryimys
be such that r = p(a,b). Let p € Rx(a) and ¢ € Ry (b), we must prove that rpg € L7. Let p € Ry
and v € Ry be such that p(a) = p and v(b) = ¢q. We have p L (p®v), and we conclude by
lemma 3.

Conversely, let r € (Rx(a)Ry(b))". We prove that [(a,b),r] € Ryigyr = (Rxey) =

(RX@)Ry)J‘. Solet u € Rx and v € Ry. We have
(pev|[(a,b),r]) = pla)r(b)r

and we are done. n
Let us treat now the additive case. There is a canonical bijection between |X @ Y |! and
> X xv®
J+K=I

where by J + K = I, we mean that J and K are disjoint, and that JUK =1I. If J4+ K =1, if
a € |X|7 and b € |Y|¥, we denote by a+ b the corresponding element of | X @ Y|?, which is defined

by
(e ified
(a4 b)i = { (2,b;) ifieK
If J C I, we denote by 7 € {0,1} the characteristic map of J. If ¢ € |X|’ and b € |X|T is an
extension of a (that is, b; = a; for all ¢ € J), then £;Rx (b) depends only on @, by uniformity of
Rx. For this reason, we shall abusively denote this set by ejRx(a). If E is a set and e € El we
denote by 7(e) the restriction of e to .J, so that m(e) € E7.

X|7. Then

Lemma 12 Let X be a relational coherence space. Let J C I and let a €
(esRx ()" ={pe R’ |ejpecsRx (a)} .

Proof: Let a/ € |X|! be an extension of a. Let p € (7Rx(a))*. Let ¢ € Rx(a'). We have to
check that eypg € Ly. This is the case because e7¢ € ejRx (a).

Conversely, let p € Py! be such that e;p € Rx*(a'). Let ¢ € Rx(a'). We have pejq = (cp)q €
1. L]
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Proposition 13 Let X and Y be two relational coherence spaces. Let J, K C I be such that
J+K=1andletac |X|' and b e |Y|X. Then

Rxay(a+0b) = (e7Rx(a) Ueg Ry (b))"" .

FEquivalently,

Rxgy(a+b) = (5JRXJ'(Q))J_ N (€KRYJ'(5))L

Proof: We prove the latter statement. By lemma 12, this amounts to proving that
Rxgy(a+b)={pe€ Pyl empe ejRx(a) and exp € ex R (b)} .
By propositions 5 and 2, we have
Rxgy(a+b)={pe Pyl | m([a+b,p]) € Rx and ma([a+ b, p]) € Ry} .

Let @' and b’ be any extensions to I of a and b respectively. We have clearly 71 ([a + b, p]) = [¢, 1p]
and mo([a+ b, p]) = [V, exp] and we conclude. .

Last, we examine the notion of invariance introduced at the end of section 2 from this phase
space viewpoint. So let X be a relational coherence space, and let z be a clique of X. The clique

¢ is invariant if and only if, for any a € | X|!, one has

(2" (a:))ier € Rx(a)
that is, iff for any J C I and any J-indexed family a of elements of z, one has

ey €ejRx(a) .

4 A logical system

We keep the index set I fixed.

In order to prove some form of full completeness of the previously described “phase valued”
semantics (actually, for a generalization of that semantics), we introduce a version of MALL where
formulae are intended to represent J-indexed families of points of the webs of standard MALL-
formulae (for some J C I). So to each formula A of this system MALL(I) will be associated a set
d(A) C I, that we shall sometimes call the domain of A. These formulae are defined as follows:

e 0 and T are two constants, both having empty domain.

e For each J C I, we introduce two new constant formulae: Lj; and 1;, and both of these
formulae have .J as domain.

e Foreach J C I,if A and B are formulae such that d(A) = d(B) = J, then A@ Band A% B
are formulae, with d(A® B) =d(A% B) = J.

o If JJK C I, with JNK =0, if A and B are formulae with d(A) = J and d(B) = K, then
A@ B and A & B are formulae, with d(A @& B) =d(A& B)=J + K.
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For A € MALL(I) with d(A) = J, one defines A+ € MALL(I) with d(A*) = J in the usual way,
using the De Morgan rules.

A J-sequent is an expression of the shape j I' where I' is a (possibly empty) sequence of
J-formulae. These sequences will always be denoted by capital Greek letters and will be called
homogeneous sequences (of domain d(I') = J).

If Ais a formula of MALL(I) with d(A) = J, and if K C I, we define the restriction of A by
K, denoted by A|x, which is a formula of MALL([) of domain J N K, as follows:

o Tlx =T and 0]x = 0.
o Ljlx =Ljk and 17| = 1jnk.

o (A2 B)|k = Alk®B|k, (A% B)|xk = Alx ¥ Blr, (A® B)|x = Alx®B|k and (A & B)|x =
Alg & Blk .

IfI' = (Ay,..., A,) is an homogeneous sequence of formulae, one defines
Dlg = (A1, Anlk)

so that again, d(T'|x) = d(T) N K. Last, observe that trivially AL|x = (A|x)*.
We describe now a sequent calculus for these sequents (the exchange rule is left implicit).
We have the following axioms:

Frly

and

Fo I, T
this latter making sense only under the assumption that I' is empty, or has empty domain.
The multiplicative rules are without surprises.

F; T
F;T, Ly
F;TA 7 AB
Fs;T,AAQ B

F;T,A,B

F;T,AX¥ B

In the rules for ¢, observe that B has to have an empty domain.
FsT A FsT, A
F;T,A® B F;T,B& A

Now we give the rule for &. Assume that d(A) = J, d(B) = K with J N K = (}, and that
d(T) = J + K.

|_J FlJa A |_K' Fl](v B
Fiak T,A& B

Last, the cut rule is standard.

F;T,A 7 A AL
F;T,A
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Lemma 14 Let A be a formula of MALL(I) of domain J. The sequent -5 A, A* is provable.

Proof: We just treat the additive case. So assume that A = B & C, with d(B) = K, d(C) =L,
KNL=0and K+ L=.. We have the following deduction in sequent calculus.
Fx B, Bt kL C,Ct
Fx B,B* & Clyt Fr, C, Blyt & Ct
Frsr B& C, Bt @ Ct

as we clearly have B|x = B, C|x = C|j and similarly for L. We conclude by inductive hypothesis.

Lemma 15 Ift; T, then bjng U|g for any set K.

The proof is a straightforward induction.

Proposition 16 The sequent calculus system MALL(I) enjoys cut elimination, that is: if a sequent
can be proved, it can also be proved without using the cut rule.

It is a consequence of the forthcoming soundness and completeness theorems 25 and 27.

Observe that the formulae of MALL(/) which have empty domain are closed under all the
connectives we are using, that any subformula of a formula with empty domain has empty domain
and that, for the sequents of empty domain, the rules we have given are just the standard rules
of MALL. So we identify MALL with the fragment of MALL(/) consisting of formulae with empty
domain, and MALL(I) can be considered as a conservative extension of MALL.

To any formula A of MALL, and any family a € |[A*|7, we associate a formula A{a) of MALL(T)
of domain .J as follows:

e For A=0or A=T,if J # 0, there is nothing to say, as in that case |4*|7 = 0. If J = 0,
then |A*|7 has exactly one element, namely the empty family @, and we set 0(})) = 0 and
Ty =T.

o If A=1 (or A= L), then a is the constant family %, and we set A(a) = L; (or A{a) = 1;).

e IfA=B®C (or A= B % (C), then a = (b,c), with b € |B*|? and ¢ € |C*|7, and we set
Afa) = B(b) ® C{c) (or A{a) = B(b) ¥ C(c)) which is a well-formed formula of MALL(I) of

domain J.

e IfA=Ba3C (or A= B & C), then a = b+ ¢ with b € |B*|® and ¢ € |C*|¥ and K+ L = J.
Then we set A{a) = B(b) @& C(c) (or A(a) = B(b) & C(c)) which is a well-formed formula of
MALL(7) of domain .J.

It is easily checked that the correspondence we have just described is actually a bijection: if A
is a formula of MALL(T) of domain J and Aly is the corresponding MALL formula, there is a unique
family a € |A|y™| such that A = A|g(a).

If ' = (Ay,..., A,) is a sequence of formulae of MALL, then || = |A;*| X -+ x |A,%]. If
v € |T*|7, then, using our usual notational conventions, one can write ¥ = (y',...,4") with
7" € |A,*]7, and we set

D) = (Ar(rh), - A(r™)

Let us first give two examples for making precise the intended meaning of these constructions.
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Consider first the sequent - I' of MALL, where
=(lap(L&l),la(L&l),Ld (L& L)1)

Up to isomorphism, we can take | L & L| = {(2,%),(3,%)},and | L & (L & L)| = {(1,%),(2,%),(3,%)}.
Take J = {1,2,3}, and v € |I*| defined by

7= ((1,%),(2,%), (3, %), %)
2 = ((2,%),(3,%), (1,%), %)
Y3 = ((3,%), (1), (2, %), %)

Then we have

T(y) = (L @ (Lo & Ligy), Ly @ (Lpny & Lyay), Loy @ (Lsy & Lny), i 2,3))

It appears that 7 ['(7y) is not provable, as no immediate subformula of any of the @-formulae
of I'(y) has an empty domain and as, if 7 ['(y) were provable, it would be cut-free provable by
proposition 16, and any of its cut-free proofs should end by a @-rule. This corresponds to the fact
that the set {71,72,73} is contained in the interpretation of no proof of - I" in MALL (it is a version
of Berry’s example of a stable but non sequential function).

Modifying ~ by setting for instance

= ((27 *)’ (27 *)’ (37 *)7 *)

leads to

F(v)=(Lo® (L & Lsy), Lisy @ (Lyy & Liay), Loy @ (Lsy & Liny)s L 2,8))

and the sequent 7 ['(7) is provable in MALL(/). Moreover, any of its proofs, when forgetting the
various indexing sets, gives rise to a proof of I' whose interpretation (as a clique of the coherence
space ['*) contains the points v, 72 and ~vs.

Here is an example of a non-definable clique which, in contrast with the previous one, is accepted
also by the hypercoherent semantics [Ehr93]. Consider

r=(1&H)e(1&l),Lel)
Again, take J = {1,2,3}. Let v € |[T*|” be defined by
7= ((17 *)7 (1’ *)’ (17 *))
T2 = ((27 *)7 (17 *)7 (27 *))
Y3 = ((17 *)’ (2’ *)’ (27 *))
Then we have
L) = sy & L2y) @ (Tp2y & Lsy)s Ly @ Lizay)

The sequent 7 I'(7) is not provable in MALL(I). Indeed, any of its cut-free proof should end by a
®-rule, as none of the immediate subformulae of the @-formula has an empty domain. There are
two possible ways of applying the ®-rule: either we do

Frlps & 1y, Ly @ Lpogay Frlpay &l
Fi ()
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or we do

Fr sy & 1y Frlpoy & ley, Ly @ Ly
Fi ()

As these two possibilities are clearly isomorphic (exchange 2 and 3), let us consider only the first
one. The second premise is provable, but the first one is not. Indeed, any of its cut-free proofs

should end by a &-rule, leading to (observe the use of the domain restriction operation in the
premises):

Fsy sy Ly @ Lysy Fi2) 12y, Lo © Lygy

Frlagy & ey Ly @ Loy
The second premise is provable, as we are in position of applying a @-rule, but the first is not, as
no rule applies.
Actually, one can check that the coherent interpretation of no proof of F I' contains simultane-
ously 71, 72 and v3.
These examples suggest a connection between the “sub-definability” of a family v € |[*|/ (for
[' in MALL), that is, the fact that there is a proof 7 of - I" such that v € (7r*)‘] or, equivalently,

{vjljedycn™,

and the provability in MALL(I) of the sequent Fj ['(y). This is what we examine now.

If T is a sequent in MALL(7) of domain J and if ¢ is a proof of this sequent (in the sequent
calculus described above), we denote by o|x the proof of I'| x obtained by intersecting each indexing
set L appearing in o by K. It is easy to check that o|x is a correct proof in the sequent calculus

MALL(I).

Lemma 17 Let - T be a sequent in MALL and let v € |T*|7. Let K C I. Let § be the restriction
of v to JNK. Then T'(6) = ['{(y)|k.

The proof is a routine verification.

Lemma 18 Lel F I' be a sequent in MALL and let w be a proof of T in MALL. Let v € (71'*)‘]
(for some J C I). Then the sequent &j I'(v) has a proof o in MALL(I) such that o|g = 7.

Proof: By induction on w. As the proof is rather straightforward, we treat only one case. Assume
that 7 ends by a &-rule:

L -y
A A A, B
FAA& B

Then we can write v = (6, ¢) with § € |A*|7 and ¢ € |(A & B)*|7. There exist two disjoint sets
(uniquely determined by ¢) K and L such that K + L = J and ¢ = a + b for some a € |A*[F
and b € |A*|* uniquely determined by c. Moreover, denoting by 7, and éx the restrictions of the
J-indexed familes § to K and I respectively, we have, since v € (7%)7:

(0, a) € (71'1*)1{ and (d7,b) € (7T2*)L

Applying the inductive hypothesis, we find two proofs o1 and o3 in MALL(Z) of (A, A){(ék, a)) and
(A, B)((r,,b)) such that o;]g = 7; for ¢ = 1,2. But by lemma 17, we have

(A, A)((Or s a)) = (A(D)|k, Aa)) and (A, B)((dr,b)) = (Ad)|z, B())
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so that we have the following proof ¢ in MALL(I):

1ot 102

Fx A<5>|K’ A<fl> FL A<5>|La B<b>
-7 A(S), Ala) & B(b)

and we conclude, since

(A, A& B)((4,¢) = (A(8), Ala) & B(b))

and clearly o|g = 7. .

Lemma 19 Let F T be a sequent in MALL. Let v € |T*|7 (for some J C I), and let o be a proof
of by T(v) in MALL(I). Then v € (o|g*)”.

Proof: By induction on o. Again, it is basically a routine verification, and we treat only one
case. Assume that I'(y) = (A, A & B), with d(A) = K, d(B) =L, KNL =0 and K+ L = J.

Assume furthermore that ¢ has the following shape:

s L0
Fr Alg, A Fr, Alr, B
;A A& B

An inspection of the definition of I'(y) shows that necessarily I' = (A,C & D) and v = (A, ¢+ d)
with A(\) = A and ¢ € |C*|¥ | d € |D*|¥, C(c) = A and D(d) = B. Then o is the following proof
of MALL:
2 o1ly el
FAC FA,D
FAC&D

Using lemma 17 and the inductive hypothesis, we have (with the same notations as in the previous
lemma for the restriction of J-indexed families of points) (Ax,c) € (o1|p™) and (AL, d) € (o2]p™)"
and hence v € (a]y*)7 as required. .

Y

Summarizing these two lemmas, we get the next result.

Proposition 20 Let I be a sequence of formulae of MALL, and let v € |[*|7. The two following
statements are equivalent.

i) There exists a proof ™ of I' in MALL such that v € (7*)7.
ii) The sequent -5 T'(7) is provable.

More precisely, we have established a bijective correspondence between the proofs 7 of - I' in
MALL such that v € (7*)7 (that is, Vj € J v; € 7*) and the proofs in MALL(I) of k-7 ['(%).

This correspondence is reminiscent of what happens, for instance, in Coppo-Dezzani’s system
DQ. Roughly speaking, in this typing system, one can associate to any type o a compact element
of a model of the pure A-calculus, and it holds that a term ¢ is typable of type « iff the semantics
of ¢ in this model contains the element of the model corresponding to a:

act ff Fi:o.
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The main difference, from our viewpoint, is that the deduction system D can hardly be
considered as a logical system, as it contains a deduction rule of the shape

l:a t:p
tL:aNp
which has no clear logical status (the restriction that o and 3 must have been obtained by proofs

having the same underlying A-term breaks the kind of modularity which characterizes logical sys-
tems).

5 The phase semantics of MALL(])

We generalize the notion of phase model introduced in section 3 as this latter notion is too restrictive

for proving a truth-value completeness result for MALL(Z) (this will appear clearly in section 6).
A phase model of MALL(I) is a triple (M, L, (e)jcr) where M is a commutative monoid (we

use a multiplicative notation for the operation of M, and the neutral element of M is denoted by ¢),

1 is a subset of M, and for any J C I, ey is an element of M. We require the following properties
to hold:

(i) er=eand if J, K C I, then ejng = ejex
(ii) For any J C I, one haseyLl C 1.

The phase model (M, L, (e;)scy) will abusively be denoted by M.’

Observe that (M, L) is just_a standard phase model for MALL and the notions of orthogonality
and of fact we consider for M are just the standard corresponding notions for (M, L): if U C M,
we set

Ut ={meM|mUC 1}

and we say that U is a fact if U1t = U. We denote by F(M) the set of facts of M. If U is any
subset of M, then U" is always a fact.

Condition (ii) above can be rephrased as follows: ey € 1, where 1 = 1L+. More generally, for
any F' € F(M) and any J C I, one has e;F' C I, as easily checked.

The next lemma summarizes some useful properties of the orthogonal operation in phase spaces.

Lemma 21 Let U,V C M.
o IfUCV thenV+ CU*L.
° UJ_J_J_ — UJ'.
o (TUV)t=ULtNnVL
o (UVLLH' = (UV)*.

The support set of the monoid M is a fact of M, that we denote by T, and weset 0 = T+ = @+,
which is clearly the least fact (w.r.t. inclusion).

If F,G € F(M), one defines as usual F@G, F ¥ G, F&G and F & G as facts of M as follows:

51t is clear that this notion generalizes the kind of phase model we introduced in section 3; with the notations of
that section, take M = Py’ and e; = es. In the models of section 3, eg M is a singleton, whereas with the generalized
notion of model, egM can be a non trivial (and even complete) model of MALL, in accordance with the identification
of MALL with the fragments of MALL(7) containing all the formulae of empty domain.
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o FO G = (FG)*
o« FYG=(F'GH*
e FOG=(FuG)*t
e F&G=FNG

If J C I, one sets
Ly={es}t and 1;={es}*t.

Observe that 17 ® F = (eyF)*" and that
Ly B F=(esFY)" ={me M|eymeF}
If F and G are two facts of M, and if J, K C I, we define

FaG=(1;0F) (g oG)
J,K

and dually
F&G = (FQraoaht
IK LK
= (LyBF)&(Lg ¥ G)
{m e M |eym € F and exm € G}
For any subset J of I, we say that two subsets U and V of M are J-equivalent, and we write
U=5V,ife;U=¢;V.

A subset U of M is said to be J-closed if e;U C U. Observe that if U and V are J-closed
subsets of M, so are UV and UU V.

Lemma 22 Let J C I and let U C M be J-closed. Then
;UL = €J(€JU)J_ .

Proof: Since U is J-closed, we just have to prove that €J(€JU)J_ CeyUtL. Solet m € (EJU)J_,
we have to prove that eym € UL, so let m’ € U. We have (eym)m/ = m(eym’) and eym’ € e;U,
so (eym)m’ € L and we conclude. .

Soif U,V C M are J-closed, and if U and V are J-equivalent, then U' and V* are J-equivalent.
Observe also that if U, U',V, V' are J-closed and if U =; U’" and V =7 V' then UV =; U'V’
and UUV =; U UV,

The next lemma is a consequence of these observations.

Lemma 23 Let F, F' G, G' € F(M) be such that F =5 " and G =5 G'. Then FG =5 F' @G,
FRG=; "G, FpG=;F oG and F& G =5 F &G

To each formula A of MALL(T), we associate a fact A® of M as follows.
o =T

e (0°=0
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(
(
e (A®B)*=A*®B*
(
(

e (AXB)*=A*%B*

e (A®pB)*=A" @& B*
d(4),d(B)

e (A4 B)*=4" & B*
d(4),d(B)

Lemma 24 Let A be a formula of MALL(I) and let J C I. Then A®* =5 A|;°.

The proof is a straightforward application of lemma 23.
IfI' = (A4,..., A,) is a sequence of formulae, one sets I'* = A;* ¥ ... ¥ A,°. If " and A are
two such sequences, with the same domain J, observe that ey € (', A)® iff

eIt C A

Theorem 25 (Soundness) If a sequent b7 ' of domain J of MALL(I) is provable, then ey € I'®.

Proof: By induction on the proof in MALL(T).
If the proof is the axiom Fj; 17, we conclude since 1;* = ({eJ})J‘J‘ Sey.
If the proof is the axiom 4 I', T, we conclude since

(N, T)* = (M40 = (04 0) =0t =T3¢
If the last rule of the proof is
;T
Fr D, Ly

we know by inductive hypothesis that e; € I'*, hence ['** C ({eJ})J‘ = 1 7* and we conclude since
et is J-closed.
If the last rule of the proof is
F;T,A +;A,B

F;T,AA® B
we know by inductive hypothesis that e;T*t C A® and that e;A®*t C B®, hence

eJFoJ_AoJ_ C A*B*®

thus L
(eJFOJ_AoJ_) C (A@ B)o

that is L
(es(0, ) caw B .

If the last rule of the proof is
F;T,A,B

F;T,AX B

one concludes straightforwardly.
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If the last rule of the proof is
F;T, A

F;T,A@ B
by inductive hypothesis we have e;jT*+ C A®, hence
EJF.J_ CejA* C (CJA. U (EQ)B.)J'J' = (A@ B). .

If the last rule of the proof is
il A b Dk, B

Fiak T,A& B

we know by inductive hypothesis that eJF|J.J_ C A*, and hence, by lemma 24, we have
e, T C A
and similarly for B. We have to prove that
esskT* C (A& B)*,

that is
e‘]+KF.J' Cly;u A ,

and similarly for B. This amounts to proving that
ol .
ejegygl* C A

and we conclude since ejejrx = €.
If the last rule of the proof is a cut rule

FyT A A AL
F, T, A

then we have by inductive hypothesis e;T*t C A®* and EJ(AJ'.)J_ C A°*. From the former inclusion,
we derive eI C e7A® and we conclude, since by definition of A+ and of the phase interpretation
of formulae, one clearly has (AJ-°)J' = A°. .

As usual, for proving completeness of this phase semantics, one builds a syntactical model. For
M, we take the sets of all pairs of the shape (J,I') where I' is a multiset of formulae of MALL([)
having all the same domain J (the presence of .J in the pair is useful only when I' is the empty
multiset of formulae, otherwise it is redundant). Denoting by simple juxtaposition the addition of
multisets, the multiplication of this monoid is given by

(J,D)(K,A)= (JNK,T|gAl)) .

This multiplication is associative, commutative, and its neutral element is (I,[]), where [| denotes
the empty multiset, as easily checked.
As to the restricting element of the model, we set, for any J C I,

€J = (Jv H)

so that without surprise
ej(K,I')=(JNK,T|;) .
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The subset L of M is the set of all pairs (J,I') such that F; I' is provable in MALL(I) (we
identify sequences and multisets, which is harmless as we are dealing with commutative logic).

The next two results hold in this particular syntactical model. For proving completeness, we

follow Okada’s method [Oka99].
Lemma 26 Let A be a formula of MALL(I) and let J be its domain. Then
AT C{(, A

Proof: By induction on the structure of A.

Assume that A = 0. Then A* C {(J, A)}" holds since A* = 1 is the least fact, and {(J, A)}*
is a fact.

Assume that A = T. Then (J,A) = (§,T). Let (K,T) be any element of M. We have
(K,T)(®, T)= (0,(T|g, T)) and the sequent ¢ T'|g, T is provable (it is an axiom sequent), so that
(K,T)(0, T) € L. Hence {(J, A)}* = M = A°.

Assume A = 17. We have (J,17) € L thus e;(J,1;) € L hence ey € {(J,15)}" and we conclude
since 17* = {es}++.

Assume A = 1. Let (K,I') € 1L;* = {CJ}J_. This means that Fjnx |7 is provable. Hence
Fink T|7, Link is provable, that is (K, T)(J, Ly) € L as required.

Assume A = B® C, of domain J. We have

(B®C)* = (B*C*)* € ({(J, B)Y{(,onh)

by inductive hypothesis. So it will be sufficient to prove that
(LB C) e (LB HULO)
Let (K,T) € {(J,B)}* and let (L, A) € {(J,C)}*, and thus the sequents
Frasnr Ulinr, Blknr  and  Frajakx Algak, Cloak
are provable. Applying a tensor rule, we get
(K,[)(L,A)(J,Ba(C) e L

as required.

Assume that A = B % C, of domain J. We have
o L] L] 1
(BB C)* = (B*C*")" C ({(, BBH(L O ={(J,[B,CD}
by inductive hypothesis, and so it is sufficient to prove that
{(J,[B,c}" < {(J,BX O)}*

which is obtained by a simple application of the par rule.
Assume that A = B @ (', with B of domain J and C' of domain K, with J N K = (. We have

(B&C)® = (esB* UexC*) C (es{(J, B)}* Uer{(K,C)})

by inductive hypothesis and so it is sufficient to prove that

(1, B)}* C{(J+ K, BaC)}* .
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So let (L,T) € {(J,B)}*, which means that k7~ |7, B|p, is provable. We have to prove that
es(L,T)(J+ K,B3 C) € L, that is:

Fiar Tly, Blonr @ Clg  is provable.

This is obtained by an application of the plus rule.
Last assume that A = B & C, with B of domain .J and C of domain K, with J N K = (. We
have

(B&C) = (L;BB)& (Lg X C*)

(Lr & A{(J, B)}J‘) N (Lx B {(K,C)}) by inductive hypothesis
(es{(J, B)})" N (ex{(K,C)})"

= {(J,B),(K,O)}"

Let (L,T) € {(J, B), (K,C)}". This means that the sequents

IN

Fras Ulyy Blp and  Frag Tk, ClL
are provable. Applying a with rule, we get that

Fra@+k) Tlork, (B & O

is provable and we conclude. .

Theorem 27 (Completeness) Let A be a formula of MALL(I) such that ey € A* in all phase
models of MALL(I). Then the sequent &7 A is provable in MALL(I).

Proof: Applying the lemma above, we get ey € {(J, A)}", thatis es(J, A) € L, thatis (J, A) € L
that is -7 A is provable in MALL([). .
Observe that in the proof of lemma 26, we have not used the cut rule. So the completeness
theorem above also holds if, in the definition of M, we take for L the set of all pairs (J,I') such
that the sequent Fr J is cut-free provable. But the soundness theorem 25 holds in particular for
that new model. In this way, we get a proof of the cut-elimination theorem 16 for MALL(I)®.

6 Product phase models

The goal of this short section is to show that the particular class of phase models of MALL(T)
which are of the shape (PI, Ly, (c7)ucr), and that we shall call in the sequel product phase models
is essentially incomplete for MALL([).

A first observation is that these models admit a “partiality” principle. We can extend MALL
by adding the following axioms, or paralogisms in Girard’s terminology [Gir99b] (for any sequence
of formulae T'):

FT
The proof of T' consisting of that axiom will be called Qr.

®The idea of proving an inclusion and not an equality in lemma 26 is due to Okada [Oka99]. The equality holds,
but proving it would involve the use of the cut rule and hence would prevent us from deriving cut-elimination from
completeness.
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A proof of a sequent containing some occurrences of that axiom should be considered as a partial
proof, to be completed by proofs of the sequents introduced by that axiom (if possible), so that
adding these axioms to MALL is similar to an operation which is standard in A-calculus, and which
consists in extending the language by a new constant, usually denoted by €2, and which denotes a
term on which no information is available (B6hm trees for instance are defined in that way). Let
us call MALLg the corresponding system.

The denotational semantics of a proof 7 of a sequent I' in that system is still a subset of |['*|,
and is defined as prescribed in section 1, with the following interpretation for the new axioms:

Qr =10

which, by the way, is the only “polymorphic” possible choice.
We define accordingly an extension MALLq(I) of MALL(I) by adding, for each multiset I' of
formulae of emply domain, the following axiom

Fo I

so that MALLq(]) is a conservative extension of MALLgq, in the sense explained in section 4.

The analogue of proposition 20 is easily seen to hold for MALLq(7) (the proof is the same, one
has just to consider an additional base case corresponding to the new axiom scheme).

A reasonable conjecture would be that the class of product phase models is complete for
MALLq (), and this would imply that any clique which is invariant by all the logical relations
introduced in section 2 would be contained in the interpretation of some proof of MALLq(I). How-
ever, surprisingly enough, this is not the case, as shown by the following counter-example.

Let A and B be two formulae of MALL(I) of disjoint domains L and R respectively. Then the
formula

C=(A& B) — (A& 1r) ® (1 & B))

of MALL(I), which has domain L + R, is valid in any product phase model of MALL([), that is,
er+r always belongs to the interpretation of C'in such a model”, as easily checked: let (POI7 17) be
a product phase model of MALL(), and let p € (A & B)®. This means that p is an element of Pl
such that

eLp € A* and eppe B*.

Let I,r € PL be defined by

p; ife1€eL
l; = 1 ifieR
0 ifi¢g L+R
and
p; ifieR
r;, = 1 ifzel
0 ifi¢ L+ R

so that clearly e74rp = lr. We have
le (A& 1R)* and re (15 & B)®

and so e14rp € (A& 1) @ (11 & B))* as announced. But it is easily checked that the formula C
is not provable in MALL(I) (using the cut elimination theorem), and is not provable in MALLq(])
either®.

"Observe that the converse linear implication is provable in MALL(I).
8Cut elimination also holds for MALLg(T).
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7 Back to denotational semantics

After this excursion through the truth value semantics of MALL(I), we come back to our initial
concern, which after all is the denotational semantics of MALL.
Let (M, L, (ej)jcr) be a fixed phase model of MALL(I), that we abusively denote by M. We
shall build a denotational model of MALL.
If Fis a set, we define
Fam;(E) =Y E”,
JCI

it is the set of families of F indexed by some subset of I.

Definition 28 A M-phase valued space is a pair X = (|X|,[X]) where |X]| is a set (the web)
and [X] is a function from Famz(|X|) to F(M) satisfying the following uniformity condition: if
K CJCTandac|X|’, then

er[X](alx) = ex[X](a)

where a|x denotes the restriction of a to K.

Given two M-phase valued spaces X and Y, one defines X @Y, X BY, X BY and X &Y as
we did in section 3: take propositions 11 and 13 as definitions. Explicitly, this means that we take

IXY|=|XBY|=|X|x|Y],[XaY|=|X&Y|=|X|+|Y| and that we set
(X @Y](a,b) = [X](a) @[Y](b) and [XFY](a,b)=[X](a) ¥ [Y](b)
and that, for a € | X |7 and b € |Y|¥ with JN K = 0, we set

X&Y)(a+8) = X)@ & VI¢) and [X &Y](@tb) = [X)@) & VIE) .

Of course, X1 is given by |X+| = |X| and [X*](a) = [X](a)". The additive and multiplicative
constants are interpreted in a similar way. Checking that these spaces satisfy the uniformity
condition is just an application of lemma 23.

A morphism from X to Y is just a subset of | X | x|Y|. Composition is defined as the composition
of relations, identity from X to X as the diagonal subset of |X| x |X|. The various operations on
morphisms (tensorisation, pairing ... ) are defined in the standard way, like in the coherence space
semantics.

To any formula A of MALL we can associate a M-phase valued space using the constructions
above, we denote this space by A},. We obviously have |A},| = |A*|. Let A be a formula of MALL,
let J C T and let a € |[A*|7. Then

[A](a) = Ala)*.

Combining theorems 25, 27 and proposition 20, we get the following “weak” denotational com-
pleteness result.

Theorem 29 Assume that I is infinite (and denumerable). Let A be a formula of MALL and let
x C |A*|. Then the following three conditions are equivalent:

e There exists a proof m of A in MALL such that x C 7*.

o There exisls an enumeralion a of x by some subsel J of I such that ej € [A}/](a) for all
phase models M of MALL(I).
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o For any enumeralion a of x by some subset J of I, one has ey € [A3;](a) for all phase models
M of MALL(I).

Actually, the requirement that I is infinite is not crucial: it suffices to require the cardinality
of I to be greater than the cardinality of z.

We now show how coherence semantics can be retrieved as particular cases of this kind of model,
like in [Lam95]. Let P be the monoid {1, 7}, where 1 is the unit, and whose multiplication is defined
by the following equation: 77 = 7. Let I be some fixed finite set, and take

Li={peP’|(Vielp#0)= (Vielp=1)}

or, in an equivalent but rather pedantic way,
Ly={pe R | T]pic {01}
el

This defines a particular product phase model of MALL([).
One checks easily that, as soon as I has more than one element (and we assume from now on
that it is the case), this phase model has exactly three facts, namely

e C =P,
e C={pePl|Jieclp=0}
e and £ =C U {e} = L (where e is the neutral element of Pyl e;=1forallie I

with obviously C C E C C.
In this model, linear negation leaves E unchanged and exchanges C' and C'. The multiplicatives
are given by the following tables.

@|C E C ¥|C E C
cl|Cc C C c|C C C
- and -
E|C E C E|C E C
c|Cc C C cl|c C «C

Observe also that if .J is a strict subset of I, then 7 belongs to all of the facts, so that the only
relevant families in the denotational model induced by this phase model are those indexed by I.

Let A be a formula of MALL, and let us say that a I-indexed family of elements of |A*| is
coherent if [A};](a) contains the unit of M, that is if [A};](a) € {E,C}, and let us say that a is
strictly coherent if [A};](a) = C. One checks easily, by induction on A, that a is coherent and not
strictly coherent iff ¢ is a constant family.

Moreover:

e If A= B®C, then a can be written a = (b,¢) with b € |B*|’ and ¢ € |C*|!, and then a is
coherent in A iff b is coherent in B and c is coherent in C'.

e If A= B X C, then a can be written a = (b,¢) with b € |B*|! and ¢ € |C*|, and then a is
strictly coherent in A iff b is strictly coherent in B or c is strictly coherent in C.

e If A= B@C, then a can be written @ = b+ ¢ with b € |B*|7 and ¢ € |C*|¥ with some
disjoint JJ and K such that .J + K = I. Then a is coherent in A iff K = () and b is coherent
in B, or J = () and c is coherent in C.

30



o If A

= B & C, then a can be written a = b+ ¢ with b € |B*|? and ¢ € |C*|¥ with some

disjoint .J and K such that .J + K = I. Then a is coherent in A iff K = () implies that b is
coherent in B, and .J = () implies that ¢ is coherent in C.

Observe that in the case where I has two elements, this is exactly the definition of the interpretation

of MALL in coherence spaces. Endowing A with all these notions of coherence simultaneously
amounts to interpreting A in the hypercoherence model (see [Ehr93]).

References

[Abr91]

[ACO8]

[BEOO]

[CDHL84]

[Ehr93]

[Gir&7]

[Gir95]

[Gir99a]

[Gir99b]

[GLTS9]

[Kri90]

[Lam95]

[Mit90]

Samson Abramsky. Domain theory in logical form. Annals of Pure and Applied Logic,
51:1-77, 1991.

Roberto Amadio and Pierre-Louis Curien. Domains and lambda-calculi, volume 46 of
Cambridge Tracts in Theoretical Computer Science. Cambridge University Press, 1998.

Antonio Bucciarelli and Thomas Ehrhard. On phase semantics and denotational seman-
tics in multiplicative-additive linear logic. Annals of Pure and Applied Logic, 102(3):247-
282, 2000.

Mario Coppo, Maria-Angiola Dezzani, Furio Honsell, and Giuseppe Longo. Extended
type structures and filter lambda models. In G. Lolli & al., editor, Logic Colloguium
82, pages 241-262. North-Holland, 1984.

Thomas Ehrhard. Hypercoherences: a strongly stable model of linear logic. Mathemat-
tcal Structures in Computer Science, 3:365-385, 1993.

Jean-Yves Girard. Linear logic. Theoretical Computer Science, 50:1-102, 1987.

Jean-Yves Girard. Linear logic: its syntax and semantics. In Jean-Yves Girard, Yves
Lafont, and Laurent Regnier, editors, Advances in Linear Logic, volume 222 of London
Mathematical Sociely Lecture Note Series. Cambridge University Press, 1995.

Jean-Yves Girard. On denotational completeness. To appear in Theoretical Computer
Science, 1999.

Jean-Yves Girard. On the meaning of logical rules II: multiplicatives/additive case.
To appear in the Proceedings of the International Summer School of Marktoberdorf,
Springer Verlag, NATO series, 1999.

Jean-Yves Girard, Yves Lafont, and Paul Taylor. Proofs and types, volume 7 of Cam-
bridge Tracts in Theoretical Computer Science. Cambridge University Press, 1989.

Jean-Louis Krivine. Lambda-Calcul : Types et Modéles. Etudes et Recherches en Infor-
matique. Masson, 1990.

Francois Lamarche. Generalizing coherent domains and hypercoherences. FElectronic
Notes in Theoretical Computer Science, 2, 1995.

John C. Mitchell. Type systems for programming languages. In J. van Leeuwen, editor,
Handbook of theoretical computer science, volume B. Elsevier, 1990.

31



[Oka99]

[OR95]

[Sie92]

[Win94]

Mitsu Okada. Phase semantics for higher order completeness, cut-elimination and nor-
malization proofs. To appear in Theoretical Computer Science, 1999.

P. W. O’Hearn and J. G. Riecke. Kripke logical relations and PCF. Information and
Computation, 120(1):107-116, 1995.

Kurt Sieber. Reasoning about sequential functions via logical relations. In M. Fourman,
P. Johnstone, and A.Pitts, editors, Proceedings of the LMS Symposium on Applications
of Calegories in Computer Science, volume 177 of LMS Lecture Notes Series. Cambridge
University Press, 1992.

Glynn Winskel. Hypercoherences. Unpublished manuscript, 1994.

32



