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Differential linear logic enriches linear logic with additional logical rules for the
exponential connectives, dual to the usual rules of dereliction, weakening and
contraction. We present a proof-net syntax for differential linear logic and a categorical
axiomatization of its denotational models. We also introduce a simple categorical
condition on these models under which a general antiderivative operation becomes
available. Last we briefly describe the model of sets and relations and give a more
detailed account of the model of finiteness spaces and linear and continuous functions.

Introduction

Extending Linear Logic (LL) with differential constructs has been considered by Gi-
rard at a very early stage of the design of this system. This option appears at various
places in the conclusion of (Gir86), entitled Two years of linear logic: selection from the
garbage collector. In Section V.2 The quantitative attempt of that conclusion, the idea
of a syntactic Taylor expansion is explicitly mentioned as a syntactic counterpart of the
quantitative semantics of the A-calculus (Gir88). However it is contemplated there as a
reduction process rather than as a transformation on terms. In Section V.5 The exponen-
tials, the idea of reducing A-calculus substitution to a more elementary linear operation
explicitly viewed as differentiation is presented as one of the basic intuitions behind the
exponential of LL. The connection of this idea with Krivine’s Machine (Kri85; Kri07) and
its linear head reduction mechanism (DR99) is explicitly mentioned. In this mechanism,
first considered by De Bruijn and called mini-reduction in (DB87), it is only the head
occurrence of a variable which is substituted during reduction. This restriction is very
meaningful in LL: the head occurrence is the only occurrence of a variable in a term
which is linear.

LL is based on the distinction of particular proofs among all proofs, that are linear
wrt. their hypotheses. The word linear has here two deeply related meanings.

— An algebraic meaning: a linear morphism is a function which preserves sums, linear
combinations, joins, unions (depending on the context). In most denotational models
of LL, linear proofs are interpreted as functions which are linear in that sense.
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— An operational meaning: a proof is linear wrt. an hypothesis if the corresponding
argument is used exactly once (neither erased nor duplicated) during cut-elimination.

LL has an essential operation, called dereliction, which allows one to turn a linear proof

into a non linear one, or, more precisely, to forget the linearity of a proof. Differentiation,

which in some sense is the converse of dereliction, since it turns a non linear morphism

(proof) into a linear one, has not been included in LL at an early stage of its development.
We think that there are two deep reasons for that omission.

— First, differentiation seems fundamentally incompatible with totality, a denotational
analogue of normalization usually considered as an essential feature of any reasonable
logical system. Indeed, turning a non-linear proof into a linear one necessarily leads
to a loss of information and to the production of partial linear proofs. This is typically
what happens when one takes the derivative of a constant proof, which must produce
a zero proof.

— Second, they seem incompatible with determinism because, when one linearizes a
proof obtained by contracting two linear inputs of a proof, one has to choose be-
tween these two inputs, and there is no canonical way of doing so: we take the non-
deterministic superposition of the two possibilities. Syntactically, this means that one
must accept the possibility of adding proofs of the same formula, which is standard in
mathematics, but hard to accept as a primitive logical operation on proofs (although
it is present, in a tamed version, in the additive rules of LL).

The lack of totality is compatible with most mathematical interpretations of proofs and
with most denotational models of LL: Scott domains (or more precisely, prime algebraic
complete lattices, see (Hut93; Win04; Ehrl2)), dI-domains, concrete data structures,
coherence spaces, games, hypercoherence spaces etc. Moreover, computer scientists are
acquainted with the use of syntactic partial objects (fix-point operators in programming
languages, Bohm trees of the A-calculus etc.) and various modern proof formalisms, such
as Girard’s Ludics, also incorporate partiality for enlarging the world of “proof-objects”
so as to allow the simultaneous existence of “proofs” and “counter-proofs” in order to
obtain a rich duality theory on top of which a notion of totality discriminating genuine
proofs from partial proof-objects can be developed.

It is only when we observed that the differential extension of LL is the mirror image of
the structural (and dereliction) rules of LL that we considered this extension as logically
meaningful and worth being studied more deeply. The price to pay was the necessity
of accepting an intrinsic non determinism and partiality in logic (these two extensions
being related: failure is the neutral element of non-determinism), but the gain was a new
viewpoint on the exponentials, related to the Taylor Formula of calculus.

In LL, the exponential is usually thought of as the modality of duplicable information.
Linear functions are not allowed to copy their arguments and are therefore very limited in
terms of computational expressive power, the exponential allows one to define non linear
functions which can duplicate and erase their arguments and are therefore much more
powerful. This duplication and erasure capability seems to be due to the presence of the
rules of contraction and weakening in LL, but this is not quite true: the genuinely infinite
rule of LL is promotion which makes a proof duplicable an arbitrary number of times,
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and erasable. This fact could not be observed in LL because promotion is the only rule of

(R

LL which allows one to introduce the modality: without promotion, it is impossible
to build a proof object that can be cut on a contraction or a weakening rule.

In Differential LL (DiLL), there are two new rules to introduce the “!” modality: coweak-
ening and codereliction. The first of these rules allows one to introduce an empty proof
of type !A and the second one allows one to turn a proof of type A into a proof of type

1A, without making it duplicable in sharp contrast with the promotion rule. The last new

44"7

rule, called cocontraction, allows one to merge two proofs of type !A for creating a new
proof of type !A. This latter rule is similar to the tensor rule of ordinary LL with the
difference that the two proofs glued together by a cocontraction must have the same type
and cannot be distinguished anymore deterministically, whereas the two proofs glued by
a tensor can be separated again by cutting the resulting proof against a par rule. These
new rules are called costructural rules to stress the symmetry with the usual structural
rules of LL.

DiLL has therefore a finite fragment which contains the standard “?” rules (weakening,

LL'”

contraction and dereliction) as well as the new “!” ones (coweakening, cocontraction and
codereliction), but not the promotion rule. Cut elimination in this system generates
sums of proofs, and therefore it is natural to endow proofs with a vector space (or
module) structure over a field (or more generally over a semi-ring!). This fragment has

the following pleasant properties:

— It enjoys strong normalization, even in the untyped case, as long as one considers only
proof-nets which satisfy a correctness criterion similar to the standard Danos-Regnier
criterion for multiplicative LL (MLL).

— In this fragment, all proofs are linear combinations of “simple proofs” which do not
contain linear combinations: this is possible because all the syntactic constructions
of this fragment are multilinear. So proofs are similar to polynomials or power series,
simple proofs playing the role of monomials in this algebraic analogy which is strongly
suggested by the denotational models of DiLL.

Moreover, it is possible to transform any instance of the promotion rule (which is applied
to a sub-proof 7) into an infinite linear combination of proofs containing copies of 7: this
is the Taylor expansion of promotion. This operation can be applied hereditarily to all
instances of the promotion rule in a proof, giving rise to an infinite linear combinations
of promotion-free DiLL simple proofs with positive rational coefficients.

Outline. We start with a syntactic presentation of DilLL, in a proof-net formalism which
uses terms instead of graphs (in the spirit of Abramsky’s linear chemical abstract ma-
chine (Abr93) or of the formalisms studied by Fernandez and Mackie, see for instance (FM99;
MS08)) and we present a categorical formalism which allows us to describe denotational
models of DiLL. We define the interpretation of proof-nets in such categories.

1 This general setting allows us to cover also “qualitative” situations where sums of proofs are lubs in
a poset.
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Then we shortly describe a differential A-calculus formalism and we summarize some
results, giving bibliographical references.

The end of the paper is devoted to concrete models of DiLL. We briefly review the rela-
tional model, which is based on the x-autonomous category of sets and relations (with the
usual cartesian product of sets as tensor product) because it underlies most denotational
models of (differential) LL. Then we describe the finiteness space model which was one
of our main motivations for introducing DiLL. We provide a thorough description of this
model, insisting on various aspects which were not covered by our initial presentation
in (Ehr05) such as linear boundedness (whose relevance in this semantical setting has
been pointed out by Tasson in (Tas09b; Tas09a)), or the fact that function spaces in the
Kleisli category admit an intrinsic description.

One important step in our presentation of the categorical setting for interpreting dif-
ferential LL is the notion of an exponential structure. It is the categorical counterpart of
the finitary fragment of DilLL, that is, the fragment DiLLy where the promotion rule is
not required to hold.

An exponential structure consists of a preadditive? x-autonomous category £ together
with an operation which maps any object X of £ to an object !X of £ equipped with
a structure of ®-bialgebra (representing the structural and costructural rules) as well as
a “dereliction” morphism in £(1X, X) and a “codereliction” morphism £(X,!X). The
important point here is that the operation X +— !X is not assumed to be functorial (it
has nevertheless to be a functor on isomorphisms). Using this simple structure, we define
in particular morphisms dx € £(!X ® X,!X) and dx € L(!X,!X ® X).

An element of £(!1X,Y") can be considered as a non-linear morphism from X to Y (some
kind of generalized polynomial, or analytical function), but these morphisms cannot be
composed. It is nevertheless possible to define a notion of polynomial such morphism,
and these polynomial morphisms can be composed, giving rise to a category which is
cartesian if £ is cartesian.

By composition with dx € L(!X ® X,!X), any element f of £L(!X,Y) can be differen-
tiated, giving rise to an element f’ of £(!X ® X,Y) that we consider as its derivative?.
This operation can be performed again, giving rise to f” € L(!X ® X ® X,Y) and, as-
suming that cocontraction is commutative, this morphism is symmetric in its two last
linear parameters (a property usually known as Shwarz Lemma).

In this general context, a very natural question arises. Given a morphism g € L(!X ®
X,Y) whose derivative ¢’ € L(!X ® X ® X,Y) is symmetric, can one always find a
morphism f € L(!X,Y) such that ¢ = f'? Inspired by the usual proof of Poincaré’s
Lemma, we show that such an antiderivative is always available as soon as the natural
morphism Idix +(dx 0x) € L(!X,!X) is an isomorphism for each object X. We explain

2 This means that the monoidal category is enriched over commutative monoids. Actually, we assume
more generally that it is enriched over the category of k-modules, where k is a given semi-ring.

3 Or differential, or Jacobian: by monoidal closedness, f’ can be seen as an element of L(!X,X —o Y)
where X — Y is the object of morphisms from X to Y in £, that is, of linear morphisms from X to
Y, and the operation f — f’ satisfies all the ordinary properties of differentiation.
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how this property is related to a particular case of integration by parts. We also describe
briefly a syntactic version of antiderivatives in a promotion-free differential A-calculus.

To interpret the whole of DiLL, including the promotion rule, one has to assume that !_
is an endofunctor on £ and that this functor is endowed with a structure of comonad and
a monoidal structure; all these data have to satisfy some coherence conditions wrt. the
exponential structure. These conditions are essential to prove that the interpretation of
proof-nets is invariant under the various reduction rules, among which the most com-
plicated one is an LL version of the usual chain rule of calculus. Our main references
here are the work of Bierman (Bie95), Mellies (Mel09) and, for the commutations in-
volving costructural logical rules, our concrete models (Ehr05; Ehr02), the categorical
setting developed by Blute, Cockett and Seely (BCS06) and, very importantly, the work
of Fiore (Fio07).

One major a priori methodological principle applied in this paper is to stick to Clas-
sical Linear Logic, meaning in particular that the categorical models we consider are *-
autonomous categories. This is justified by the fact that most of the concrete models we
have considered so far satisfy this hypothesis (with the noticeable exception of (BET12))
and it is only in this setting that the new symmetries introduced by the differential and
costructural rules appear clearly. A lot of material presented in this paper could probably
be carried to a more general intuitionistic Linear Logic setting.

Some aspects of DiLL are only alluded to in this presentation, the most significant
one being certainly the Taylor expansion formula and its connection with linear head
reduction. On this topic, we refer to (ER08; ER06; Ehr10).

Notations

In this paper, a set of coefficients is needed, which has to be a commutative semi-ring.
This set will be denoted as k. In Section 4.3, k will be assumed to be a field but this
assumption is not needed before that section.

1. Syntax for DIiLL proof-structures

We adopt a presentation of proof-structures and proof-nets which is based on terms and
not on graphs. We believe that this presentation is more suitable to formalizable math-
ematical developments, although it sometimes gives rise to heavy notations, especially
when one has to deal with the promotion rule (Section 1.5). We try to provide graphical
intuitions on proof-structures by means of figures.

1.1. General constructions

1.1.1. Simple proof-structures. Let V be an infinite countable set of variables. This set is
equipped with an involution x — T such that x # T for each x € V.

Let w € V. An element z of u is bound in u if T € u. One says that u is closed if all
the elements of u are bound in wu. If x is not bound in u, one says that x is free in u.
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Let 3 be a set of tree constructors, given together with an arity map ar: ¥ — N.
Proof trees are defined as follows, together with their associated set of variables:

— if x € V then z is a tree and V(z) = {x};

— if ¢ € 3, (thatis ¢ € X and ar(¢) = n) and if 1, ..., t, are trees with V(¢;)NV(t;) = 0
for i # j, then t = p(t1,...,t,) is a tree with V(t) = V(¢;) U --- U V(t,). As usual,
when ¢ is binary, we often use the infix notation ¢ ¢ to rather than (1, ts).

A cut is an expression (¢|t’) where ¢ and ¢ are trees such that V(¢) N V(t') = 0. We
set V(e) = V() UV(Y).

A simple proof-structure is a pair p = (7, t') where t is a list of proof trees and <
is a list of cuts, whose sets of variables are pairwise disjoint.
Remark: The order of the elements of @ does not matter; we could have used multisets
instead of sequences. In the sequel, we consider these sequences of cuts up to permutation.

Bound variables of V(p) can be renamed in the obvious way in p (rename simulta-
neously « and T avoiding clashes with other variables which occur in p) and simple
proof-structures are considered up to such renamings: this is a-conversion. Let FV(p) be
the set of free variables of p. We say p is closed if FV(p) = 0.

The simplest simple proof-structure is of course (; ). A less trivial closed simple proof-
structure is ({(z | T); ) which is a loop.

1.1.2. LL types. Let A be a set of type atoms ranged over by «, 3, ..., together with an
involution o — @ such that @ # a. Types are defined as follows.

— if @ € A then « is a type;
— if A and B are types then A ® B and AW B are types;
— if A is a type then !A and 7A are types.

The linear negation A+ of a type A is given by the following inductive definition: a*

(A® B)t = AY®B+; (ABB): = At @ B; (14A) =74+ and (74)+ =14+,
An MLL type is a type built using only the ® and % constructions?.

:a,

1.2. Proof-structures for MLL

Assume that 3o = {®, %} and that ar(®) = ar(¥) = 2.
A typing context is a finite partial function ® (of domain D(®)) from V to formulas
such that ®(7) = (®(z))* whenever z,7 € D(®).

1.2.1. Typing rules. We first explain how to type MLL proof trees. The corresponding
typing judgments of the form ® k¢ ¢t : A where ® is a typing context, ¢ is a proof tree
and A is a formula.

The rules are

b r:Ablgz: A

4 We do not consider the multiplicative constants 1 and L because they are not essential for our purpose.
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dtys: A dot: B dlys: A drot: B
Plygs®t: AR B Dty sWt: ADB
Given a cut ¢ = (s|s’) and a typing context ®, one writes ® b c if there is a type A
such that ® Fg s: Aand &y s’ : AL,
Last, given a simple proof-structure p = (¢; §) with §= (s1,...,s,) and @ = (c1,..., ),
a sequence I' = (41, ..., A;) of formulas and a typing context ®, one writes ® ko p : I if
l=nand ®tgs;: A; forl <i<nand ®rqge; for 1 <i<k.

1.2.2. Logical judgments. A logical judgment is an expression ®  p : I' where ¢ is a
typing context, p is a simple proof-structure and I' is a list of formulas.

If one can infer that ® F p : I, this means that the proof-structure p represents a
proof of I'. Observe that the inference rules coincide with the rules of the MLL sequent
calculus.

We give now these logical rules.

O,2: AT AL (5 2,7): A AL

OF (C5ty,... tn): A, Ay
O (5 tory s tom) P Ao()s -+ Aa(n)
@F(?;?,s):F,A <IJ}—(7;?,t):A,Al

axiom

permutation rule, o € G,

cut rule
OF (7, d,(s|t): 3, 7):T,A
dF (7 ?,s,t):F,AB
= Z-rule
O (¢ t,s%t):T,AB
OF(T;F.8):T,A &k (d; 7,0):AB
®-rule

NS (?,7; ?,?,s@t) T A,A® B
We add the mix rule for completeness because it is quite natural denotationally. Notice
however that it is not necessary. In particular, mix-free proof-nets are closed under cut
elimination.
dF(¢;5):T dF(d;t): A
dF(¢d;51):T,A
Lemma 1. If ®Fp: T then ® kg p: ' and V(p) is closed.

mix rule

Proof. Straightforward induction on derivations. m]

1.3. Reducing proof-structures

The basic reductions concern cuts, and are of the form
_>
e (d57)

where c is a cut, 7 = (di,...,dy) is a sequence of cuts and 7= (t1,...,t%) is a sequence
fo trees.

With similar notational conventions, here are the deduction rules for the reduction of
MLL proof-structures.
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X1 Xy

[ axiom links

Fig. 1. A simple proof-structure

T Ty

Fig. 2. A synthetic representation of the proof-structure of Figure 1

C ~~cut (7 )

)

= context

(683 ) e (4,55 7,7)
T ¢ V(s)
= N
(2]8), @5 1) e (T3 1) [s/7]
For applying the latter rule (see Figure 3), we assume that T ¢ V(s). Without this re-
striction, we would reduce the cyclic proof-structure ({ |Z); ) to (; ) and erase the cycle

ax-cut

which is certainly not acceptable from a semantic viewpoint. For instance, in a model
of proof-structures based on finite dimension vector spaces, the semantics of ((z|T); )
would be the dimension of the space interpreting the type of = (trace of the identity).

Remark: We provide some pictures to help understand the reduction rules on proof
structures. In these pictures, logical proof-net constructors (such as tensor, par etc.) are
represented as white triangles labeled by the corresponding symbol — they correspond to
the cells of interaction nets or to the links of proof-nets — and subtrees are represented
as gray triangles.

Wires represent the edges of a proof tree. We also represent axioms and cuts as wires:
an axiom looks like M and a cut looks like _. In Figure 3, we indicate the variables
associated with the axiom, but in the next pictures, this information will be kept implicit.

Figure 1 represents the simple proof-structure

p=((s1]8),-,(sn|sh);t1, .., tk).

with free variables x1,...,2;. The box named aziom links contains axioms connecting
variables occurring in the trees s1,..., S, 81, ..., 80, t1,...,tx. When we do not want to
be specific about its content, we represent such a simple proof-structure as in Figure 2
by a gray box with indices 1,..., k& on its border for locating the roots of the trees of p.
The same kind of notation will be used also for proof-structures which are not necessarily

simple, see the beginning of Paragraph 1.4.3 for this notion.
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Fig. 3. The axiom/cut reduction

S1 S2 t

1 t2
S1 S2 t1 to
3/ &) e

Fig. 4. The tensor/par reduction

In MLL, we have only one basic reduction (see Figure 4):

(5102 [ t1 @ ta) ~>cut ((s1|t1), (s2]t2) ;)

1.4. DiLL,

This is the promotion-free fragment of differential LL. In DiLLj, one extends the signature
of MLL with new constructors:

— Yy = {w, W}, called respectively weakening and coweakening.

— %1 = {d, d}, called respectively dereliction and codereliction.

— Yo = {%,®,c,C}, the two new constructors being called respectively contraction and
cocontraction.

— X, =0forn>2.

1.4.1. Typing rules. The typing rules for the four first constructors are similar to those
of MLL.

dlow:?A drow:!A
(0] |_0 t: A P |—0 t: A
DHod(t): 74 O od(t): 14
The two last rules require the subtrees to have the same type.
Dlgs;:TA Dlgsg:?A Dhlgsy:lA Dlgsy:lA
D Hgc(sy,82): 74 D ko c(sy,s2): 1A

1.4.2. Logical rules. The additional logical rules are as follows.
dF(C;9):T
D+ (?, ?,W) :T,7A
O (¢;9,s):T,A
dF(¢; 5,d(s):T,74

co-weakening

weakening O (;w):lA

dereliction
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v v ~eut

Fig. 5. Weakening/coweakening reduction

\/ \/
v v ~at 0 v v ~eut 0

Fig. 6. Dereliction/coweakening and weakening/codereliction reductions

co-dereliction

O (C; 5, s1,80):T,74,74
®F (¢ F,c(s1,82)) : T, 74

contraction

OF(T:F,8):TA  dF(d; T.0): A4

co-contraction
oF (7, d; 7, 7,e(s,1) : T, A, A

1.4.3. Reduction rules. To describe the reduction rules associated with these new con-
structions, we need to introduce formal sums (or more generally k-linear combinations)
of simple proof-structures called proof-structures in the sequel, and denoted with cap-
ital letters P,@,... Such an extension by linearity of the syntax was already present
n (ER03).

The empty linear combination 0 is a particular proof-structure which plays an impor-
tant role. As linear combinations, proof-structures can be linearly combined.

The typing rule for linear combinations is

Vie{l,...,n} ®Fp;:Tand p; €k
(PFZz 1,Ulpz-

sum
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Va4
AAR AR A
Y%

AR A A AT

Fig. 7. Contraction/coweakening and weakening/cocontraction reductions

Fig. 8. Dereliction/codereliction reduction

The new basic reduction rules are:

(W|W) ~cut (;) see Figure 5.
(d(s) [W) ~cut O
(w|d(t)) ~eue 0 see Figure 6.
(c(s1,82) [W) ~rcue ((s1 W), (s2|W) ;)
(W]|C(t1,t2)) ~aut ((W|t1),{w|t2);) see Figure 7.
d(s)|d(t)) ~scut ({s]|t);) see Figure 8.
(c(s1,82) [d(t)) ~cue ((s1]d(t)), (s2|W) 3 ) + ({1 W), (s2]d(t)) ;)
(d(s) [(tr,t2)) ~rcue ((d(s) [21), {w [ t2) 5 ) + ({w 1), (d(s) [ t2) ;)

see Figure 9.
(c(s1,82) |€(t1,t2))
~eu ((81]€(11, 712)), (82| €(T21, T22)), (c(F11, T21) | 1), (c(T12, T22) [ £2) 5 )

see Figure 10.

In the last reduction rule, the four variables that we introduce are pairwise distinct and
fresh. Up to a-conversion, the choice of these variables is not relevant.
The contextual rule must be extended, in order to take sums into account.

C eyt P

= = 5 = context

(Cab; s)’\’)cutzp:(7;?)Pp'(?,b; S,t)
Remark: In the premise of this rule, P_)is a linear combination of proof-structures, so that
for a given proof-structure p = (?, t'), P, € k is the coefficient of the proof-structure

p in this linear combination P. The sum which appears in the conclusion ranges over all
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WY 9% WYY
9% 977 <YY

Fig. 9. Contraction/codereliction and dereliction/cocontraction reductions

S1 52 t1 to

v v ~reut v

Fig. 10. Contraction/cocontraction reduction

possible proof-structures p, but there are only finitely many p’s such that P, # 0 so that

é
this sum is actually finite. A particular case of this rule is ¢~ 0 = (¢, b ; ?) ~reut 0.

1.5. Promotion

Let p = (?, ?) e a simple proof-structure. The width of p is the number of elements
of the sequence 5.

By definition, a proof-structure of width n is a finite linear combination of simple
proof-structures of width n.

Observe that 0 is a proof-structure of width n for all n.

Let P be a proof-structure® of width n + 1. We introduce a new constructor® called
promotion box, of arity n:

P ey, .

The presence of n in the notation is useful only in the case where P = 0 so it can
most often be omitted. The use of a non necessarily simple proof structure P in this
construction is crucial: promotion is not a linear construction and is actually the only
non linear construction of (differential) LL.

So if ty,...,t, are trees, P'™(t;,... t,) is a tree. Pictorially, this tree will typically
be represented as in Figure 11. A simple net p appearing in P is typically of the form
(7; ?) and its width is n + 1, so that § = ($1,--+,8n,8). The indices 1,...,n and

5 To be completely precise, we should also provide a typing environment for the free variables of P; this
can be implemented by equipping each variable with a type.

6 The definitions of the syntax of proof trees and of the signature ¥ are mutually recursive when
promotion is taken into account.



Differential Linear Logic 13

Fig. 11. Graphical representation of a tree whose outermost constructor is a promotion
box

e which appear on the gray rectangle representing P stand for the roots of these trees
S$1y...,8, and s.

1.5.1. Typing rule. The typing rule for this construction is
‘b"oP?All,,?ATlL,B @"01‘,1'141 (z:l,,n)
dto PM(ty,... t,): B

1.5.2. Logical rule. The logical rule associated with this construction is the following.
— .
dF P:?4A¢,...,7A- B DF (el tit) T4 (i=1,...,n)
BF(Chyeeestns thee by PO (8, 1)) : Ty T, |B
Remark: This promotion rule is of course highly debatable. We choose this presentation
because it is compatible with our tree-based presentation of proof-structures.

1.5.3. Cut elimination rules. The basic reductions associated with promotion are as fol-
lows.

<P!(n)(t17 s 7tn) |W> ~~ecut (<t1 ‘W>v R <tn |W> ) ) see Figure 12.
(P (1, 1) [d(s)) ~reu
Do B (T(silt)se (salta) (5']9)5)
p=(T; 73,

see Figure 13.
(POt ) | (st 52)) ~raue (PO (@1, ) |51, (PO, ) [ 52),

(1| c@L, 7)), - (tn [ (@0, Tn)) )
see Figure 14.

In the second reduction rule, one has to avoid clashes of variables.

In the last reduction rules, the variables x1,...,x, and y1,...,y, that we introduce
together with their covariables are assumed to be pairwise distinct and fresh. Up to
a-conversion, the choice of these variables is not relevant.

1.5.4. Commutative reductions. There are also auxiliary reduction rules sometimes called
commutative reductions which do not deal with cuts — at least in the formalization of
nets we present here.
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Fig. 12. Promotion/weakening reduction

t1

Fig. 13. Promotion/dereliction reduction

The format of these reductions is

L ~com P

where ¢ is a simple tree and P is a (not necessarily simple) proof-structure whose width
is exactly 1.

The first of these reductions is illustrated in Figure 15 and deals with the interaction
between two promotions.

P!(n+1)(t17 ot Q!(k’) (tiy vy thaio1)sthtis- -y than)
~com ( 5 R!(kJrn)(tl) s ,tk—&-n)) (1)

where

R= > Py (T (5| QW (@1, m0))

p=(C ;51,..s8n41,5)
81y - aSi—la'Iil? e 7Tk7 Sit1y- .- 7577,—‘,-175) .

Remark: In Figure 15 and 17, for graphical reasons, we don’t follow exactly the notations
used in the text. For instance in Figure 15, the correspondence with the notations of (1)
is given by v = tl,. Vi1 = ti—l, uy = ti,. ey U = tk+i—17 v; = tk‘-‘r’ia' NS tk+n~

Remark: Figure 15 is actually slightly incorrect as the connections between the “auxil-
iary ports” of the cocontraction rule within the promotion box of the right hand proof-
structure and the main ports of the trees uq,...,u; are represented as vertical lines
whereas they involve axioms (corresponding to the pairs (x;,T;) for ¢ = 1,...,k in the
formula above). The same kind of slight incorrectness occurs in figure 17.
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Fig. 14. Promotion/contraction reduction

The three last commutative reductions deal with the interaction between a promotion
and the costructural rules.
Interaction between a promotion and a coweakening, see Figure 16:

PO (b Wty ) ~com (3 Rt 1))

where
R = Z Py (0 (85| W) 5 81, vy $im1s Sit1s- - s Sni1s S) -
p=(T;7,s)

Interaction between a promotion and a cocontraction, see Figure 17:
PO (g, b1, €t tig) tisas - tng2) ~eom (G RO (b, teg))  (2)

where

R= Z Pp(?7<8i|é(xay)>;817"'787571757?781'7"‘787178)'
p=(7;7,.9)
The interaction between a promotion and a codereliction is a syntactic version of the
chain rule of calculus, see Figure 18.

P)!(n+1)(l‘:17 AN 7ti_1,d(u),ti+17 .- 'atn-‘rl)

e Y0 P (s |d(w)),

P=(T ;51,0 8n41,9)

_ X _
(c(@1,s1) [t1), .o (c(@issi) [ ), - ((@Tn, Snt1) [ Entn) 5
(P @y, @i, W, T, Tng), d(8))
where we use the standard notation aq,...,a;,...,a, for the sequence
15 vey Qim1, Aifly e ey Oy

We also have to explain how these commutative reductions can be used in arbitrary
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~com ;

C2 ]
L]
\V
1 n
i
°
\/
Fig. 15. Promotion/promotion commutative reduction

s

~*com

Fig. 16. Promotion/coweakening commutative reduction

contexts. We deal first with the case where such a reduction occurs under a constructor
symbol ¢ € ¥4 1.
t Mcom P

30(7,t, 7) ~com Zp:(?;w) P - (? ) @(7,11), 7))

Next we deal with the case where t occurs in outermost position in a proof-structure.

There are actually two possibilities.

t'\’>com P
(20T ~veom Sy o (0 d 5 T, T)
t'\”com P
(1), T3 T ) ~reom 7y P (T2 d (w]£)5 )

We use ~» for the union of the reduction relations ~»c,: and ~»com-

This formalization of nets enjoys a subject reduction property.
Theorem 2. If + p: T and p~» P then &' F P : T for some & which extends ®.

The proof is a rather long case analysis. We need to consider possible extensions of ®
because of the fresh variables which are introduced by several reduction rules.
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U1
’ va

n ~com n

Y

V

Fig. 17. Promotion/cocontraction commutative reduction rules

1 7 n ®

~*com

Fig. 18. Promotion/codereliction commutative reduction (Chain Rule)

1.6. Correctness criterion and properties of the reduction

Let P be proof-structure, ® be a closed typing context and I" be a sequence of formulas
such that ® -y P : I". One says that P is a proof-net if it satisfies ® = P : I'. A correctness
criterion is a criterion on P which guarantees that P is a proof-net; of course, saying
that ® - P : T' is a correctness criterion, but is not a satisfactory one because it is not
easy to prove that it is preserved by reduction.

Various such criteria can be found in the literature, but most of them apply to proof-
structures considered as graphical objects and are not very suitable to our term-based
approach. We rediscovered recently a correctness criterion initially due to Rétoré (Ret03)
which seems more convenient for the kind of presentation of proof-structures that we use
here, see (Ehrl4). This criterion, which is presented for MLL, can easily be extended to
the whole of DilLL.

So far, the reduction relation ~» is defined as a relation between simple proof-structures
and proof-structures. It must be extended to a relation between arbitrary proof-structures.
This is done by means of the following rules

p~ P p~P  pek\{0}
p+Q~P+Q peop~>p- P
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As it is defined, our reduction relation does not allow us to perform the reduction within
boxes. To this end, one should add the following rule.
P~ Q
P!(n)(tl, e ,tn) > Q!(n)(th s 7tn)

It is then possible to prove basic properties such as confluence and normalization”. For
these topics, we refer mainly to the work of Pagani (Pag09), Tranquilli (PT09; Tra09;
PT11), Gimenez (Gim11). We also refer to Vaux (Vau09) for the link between the alge-
braic properties of k and the properties of ~», in a simpler A-calculus setting.

Of course these proofs should be adapted to our presentation of proof structures. This
has not been done yet but we are confident that it should not lead to difficulties.

2. Categorical denotational semantics

We describe now the denotational semantics of DiLL in a general categorical setting. This
will give us an opportunity to provide more intuitions about the rules of this system. More
intuition about the meaning of the differential constructs of DiLL is given in Section 3.

2.1. Notations and conventions

Let C be a category. Given objects X and Y of C, we use C(X,Y") for the set of morphisms
from X to Y. Given f € C(X,Y) and g € C(Y,Z), we use g f for the composition of f
and g, which belongs to C(X, Z). In specific situations, we use also the notation g o f.
When there are no ambiguities, we use X instead of Idx to denote the identity from X
to X.

Given n € N and a functor F' : C — D, we use the same notation F for the functor
C" — D™ defined in the obvious manner: F(Xy,...,X,) = (F(X1),...,F(X,)) and
similarly for morphisms. If F',G : C — D are functors and if T is a natural transformation,
we use again the same notation T for the corresponding natural transformation between
the functors F, G : C" — D", so that Tx, .. x, = (Tx,,...,Tx,)-

2.2. Monoidal structure

A symmetric monoidal category is a structure (£, 1,0, A, p, &, o) where L is a category,
I is an object of £, O : £? — L is a functor and A\x € L(I 0 X, X), px € L(X O I,X),
axyz €EL(XOY)OZXO (XY OZ) and oxy € L(X OY,Y O X) are natural
isomorphisms satisfying coherence conditions which can be expressed as commutative
diagrams, and that we do not recall here. Following McLane (Mac71), we present these
coherence conditions using a notion of monoidal trees (called binary words in (Mac71)).

Monoidal trees (or simply trees when there are no ambiguities) are defined by the
following syntax.

7 For confluence, one needs to introduce an equivalence relation on proof-structures which expresses
typically that contraction is associative, see (Tra09). For normalization, some conditions have to be
satisfied by k; typically, it holds if one assumes that k = N but difficulties arise if k has additive
inverses.
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— () is the empty tree
— x is the tree consisting of just one leaf

— and, given trees 71 and 7o, (711, 72) is a tree.

Let L(7) be the number of leaves of 7, defined by

Let 7, be the set of trees 7 such that L(7) = n. This set is infinite for all n.
Let 7 € T,,. Then we define in an obvious way a functor 07 : L — L. On object, it is
defined as follows:

00 =71
OX =X
|:|<T1"'—2>()(17 . 7XL(7‘1)7Y17 s >YL(72)) = (Dﬁ (Y» 0 (DT2 (7)) :

The definition on morphisms is similar.

2.2.1. Generalized associativity. Given 11,79 € T, the isomorphisms A, p and « of the
monoidal structure of £ allow us to build an unique natural isomorphism 7! from 0™
to [J™. We have in particular

Ay = 00

px =00 ¢

(%) %)

axy.z =Hi i)y ys

The coherence commutation diagrams (which include the McLane Pentagon) allow one
indeed to prove that all the possible definitions of an isomorphism D“(?) — O (})
using these basic ingredients give rise to the same result. This is McLane coherence
Theorem for monoidal categories. In particular the following properties will be quite
useful:

0w = IdDT(?) and P00 =00%. (3)

We shall often omit the indexing sequence 7 when using these natural isomorphisms,
writing 17 instead of L7 .

2.2.2. Generalized symmetry. Let n € N. Let ¢ € &,,, we define a functor @ : L* — L"
by @(Xh e 7Xn) = (X@(l), N 7X<p(n))

Assume that the monoidal category L is also symmetric. The corresponding additional
structure allows one to define a natural isomorphism 097 from the functor 07 to the
functor (07 o @. The correspondence ¢ +—> %7 is of course functorial. Moreover, given
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0,7 €T, and ¢ € &, the following diagram is commutative

0% 2 a®)
oz | oz
DT? . DT@(?) (4)

This is a consequence of McLane coherence Theorem for symmetric monoidal cate-

gories.

2.3. *-autonomous categories

A *autonomous category is a symmetric monoidal category (£, ®, A, p, a, o) equipped
with the following structure:

— an endomap on the objects of £ that we denote as X — X*;

— for each object X, an evaluation morphism ev; € £(X+ ® X, 1), where 1 = 1+;
— a curryfication function cur, : L(U ® X, L) — L(U, X*)

subject to the following equations (with f € L(U ® X, 1) and g € L(V,U), so that
gRX e LV X,U®X)):

evy (cury (f) @ X)=f
cury (f)g=-cur (f(9® X))
curl(evl) =Id.

Then cur is a bijection. Indeed, let g € £(U, X*). Then g® X € L(U® X, X1t ® X) and
hence ev) (g ® X) € L(U ® X, L). The equations allow one to prove that the function
g —ev) (g ® X) is the inverse of the function cur .

For any object X of £, let nx = cury (evy ox yt) € L(X, X+1).

The operation X — X1 can be extended into a functor £ — L as follows. Let
fELX,Y), thenny f € LIX, Y1) soevy (ny oY) € L(X @Y, 1) and we set
fr=curi(evi ((ny fleYt)oyr x) € LY, X+). It can be checked that this operation
is functorial.

We assume last that nx is an iso for each object X.

One sets X — Y = (X ® Y*)! and one defines an evaluation morphism ev €
L(X —-Y)® X,Y) as follows. We have

ev, eL(X@YH e (XoYh), 1)

hence

ev, @I e L(XoY) e X) @Yt 1),
therefore

cury(evy ) e L(X @Yt @ X, YY)
and we set

ev=ntaur (evy @) e L(X @Y @ X,Y).
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Let f € LU®X,Y). Wehaven f € LIU®X,Y 1), hence cur; “*(n f) € L(U ® X)®
YL, 1), s0 cury ~H(n f) ®2?*<i>*i§ € LU®(X®Y1), 1) and we can define a linear cur-

ryfication of f as
cur(f) = cury (cury ~*(n f) ®Ez*<:>*ii) €ELUX —Y).
One can prove then that the following equations hold, showing that the symmetric
monoidal category L is closed.

ev(cur(f) ® X) = f
cur(f) g = cur(f (g ® X))
cur(ev) = Id

where g € L(V,U).

It follows as usual that cur is a bijection from L(U ® X,Y) to L(U, X —Y).

We set XBY = (X+ @ Y4)L = X+ — Y; this operation is the cotensor product,
also called par in linear logic. Using the above properties one shows that this operation
is a functor £2 — £ which defines another symmetric monoidal structure on £. The
operation X + X is an equivalence of symmetric monoidal categories from (L%, ®) to

(L£,7).

2.3.1. MIX. A miz *-autonomous category is a *-autonomous category £ where L is
endowed with a structure of commutative ®-monoid®. So we have two morphisms &y €
L(1,1)and & € L(L® 1L, 1) and some standard diagrams must commute, which express
that &g is left and right neutral for the binary operation &5, and that this binary operation
is associative and commutative. Observe that (£2)* € £(L*, (L ® L)*) so that

& = (&) m € £(1,171)

and (1, &, &) is a commutative %-comonoid.

2.3.2. Vectors. Let L be a *-autonomous category and let X1, ..., X, be objects of L.
A (Xq,...,Xp)-vector is a family (u,)re7, where u, € £L(1,87(X1,...,X,,)) satisfies
uyr = B7, u, for all 7,77 € T,. Of course such a vector u is determined as soon as one of
the u,’s is given. The point of this definition is that none of these u.’s is more canonical
than the others, that is why we find more convenient to deal with the whole family wu.

Let £(Xy,...,X,) be the set of these vectors. Notice that, since T, is infinite for all n,
all vectors are infinite families.

2.3.3. MLL vector constructions. Let X € L. We define ax € E_’(XJ‘7 X) by setting ax, =
28 cur(nx ! ®i<>’*>) €L, X - X)=L(1,X+RX) for all T € T5.

8 If we see L as the object of scalars, which is compatible with the intuition that X —o L is the dual of
X, that is, the “space of linear forms on X”, then this monoid structure is an internal multiplication
law on scalars.
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Let u € /j(Xl,...,Xn,X7 Y). We define % (u) € E(Xl, cooy Xn, XBY) as follows. Let
T € T, we know that

Uir ey € L1, (B (X1, .., Xo)B(XBY)) = L(1, BT (X0, .., X, XBY)).
For any 0 € T,,4+1, we set
B(u)s = 35 wireayy € LO,3(X0,. .., X, XBY)).

One sees easily that this definition does not depend on the choice of 7: let 7/ € T, we
have

By B() ey = B B D) ey

=B B(W) (77, (e -

thanks to the definition of vectors and to Equation (3).
Let U;, X; be objects of £ for i = 1,2. Given

u; € L(1,UBX;) = L(1,U" — X;)
for i = 1,2, we define
Quy X1 ,Us, X5 (U1, u2) € L(1, (U1BU2)B (X1 @ X2))
as follows. We have cur—!(u;) ) € L(U+, X;) and hence
v = (cur (uy) ®7(y.4)) ® (cur™*(us) ®(y.4) € LU @Us X1 @ Xa).
We have
cur(w ™) € L1, (U @ Us) ® (X1 ® X2)*)h)

So we set

s, 6 (01, 12) = (o) @ (X1 @ Xa)H)t cur(e @)

S E(l, (UlygUz)YS’(Xl X XQ))
where the natural iso 7 is defined in Section 2.3.
This construction is natural in the sense that, given f; € L(X;, X)), g; € L(U;,U)),
one has
((91?5)92)9?(f1 ®f2)) QU,,X1,Uz, X2 (u17u2) (5)
= @y, x1,05,x, (f18g1) ur, (f2P92) uz)

Let u € £(X1,..., X, X) and v € L(Y3,...,Y,,Y). Let o € T;, and 7 € T,. Then we
have

U(sx) € L£(1,(B®(X1,...,Xn))BX) and
Oty € L(L (AT (V1, ..., Y,))BY)

and we set

DUy V) (0,7 4) = BB (X 1,000, X0 ), X, 37 (Vi Y)Y (Uon) s Vi)
e £(1, 3T (X) L X Y, Y X O Y)
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since
(37 (X1, ... 7Xn)7§’(7?T(Y1, LLY)))BXRY)
—75’ (Xl,...,Xn7Y1,...7Yp,X®Y).

Then, given 6 € T,,4pt1, one sets of course
®(u,0)p = B4 @, 0) (o).

One checks easily that this definition does not depend on the choice of ¢ and 7, using
Equations (3) and (5), and one can check that

@(u,v) € L(X1,..., Xn,Y1,..., Y, X@Y).
LetueC(Xl,.. Xp) and ¢ € G,,. Given o € T, we have u, € L(1,87(Xy,...,X,))
and hence 3 u, € L(1,37(Xy)s-- > X)) Given 6 € Ty, we set therefore

~p,0

Sym(@v U)G = 783 2 Ug € ‘C(]-a ?ye(Xgo(l)a e 7Xgo(n)))

defining an element sym(p,u) of E( (1) s (n)) which does not depend on the
choice of o. Indeed, let 7 E ’7;“ we know that u, = @¥Tu, and hence sym(p,u)p =
g e BT u, = %G5 B 3, = =% “" ., using Diagram (4).

Let uEE(Xl,...,Xn,X ) andve[l(Yl,..., », X ). We have

@(u,v) € L(Xy,..., X0, V1,..., Y, X+ @ X)
Given o € T, and 7 € 7, we have
B (U, 0) (om0 € L1, (BT (X1, ., Xp))B(BY1, ., V) B(XE @ X))
so that
(Id%ev 1) @ (1, 0)(o.ry +) € L, BETHO(X L0 X, Y.L, Y).
Given 0 € Tp4p, we set
cut(u, v)g = BE7D (1d%ev 1) @ (u, v) (5.7 0)

and we define in that way an element cut(u,v) of E(Xl, X, 1, Y.
Assume now that £ is a mix *-autonomous category (in the sense of Paragraph 2.3.1).
Let Xq,...,X, and Y3,....Y, be objects of £. Let v € L£(X;,...,X,) and v €

—

L(Y1,...,Y,). Let 0 € T, and 7 € T,. We have u, € £(1,%7(X1,...,X,)) and v, €
L£(1,87(Y1,...,Y,)). Hence

(ueBv,) &, € L(1,( B (X1,..., Xp)BB™(Y1,...,Yp)))
and we define therefore mix(u,v) € E(Xl, ey X, Y1, ..., Y,) by setting
mix(u, v)g = 57 (ugBv,) & € L(1,3°(X1,..., X0, Y1, ..., Y,))

for each § € Tp4p. As usual, this definition does not depend on the choice of o and 7.
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2.3.4. Interpreting MLL derivations. We start with a valuation which, with each a €
A, associates [a] € £ in such a way that [@] = [a]*. We extend this valuation to an
interpretation of all MLL types as objects of £ in the obvious manner, so that we have a
De Morgan iso dma € L([A1],[A]1) defined inductively as follows.

We set first dmg, = Id[4. We have dmy € L([A*],[A]*) and dmp € L([B],[B]*),
therefore dm4%dmp € L([(A ® B)*],[A]*®[B]*). We have

[AIFB[B]* = (A" ® [B]7H)*
by definition of %% and remember that n4) € L([A],[A]*F) and so we set
dmags = (4] @ nip)) " (dmaBdmp).
We have [(ABB)Y] = [A] @ [BY] so dmy @ dmp € L([(ABB)Y], [A* ® [A]Y). By
definition we have [AZ®B]* = ([A]* @ [B]*)1+. So we set
dmazp = NajLgp)r (dma @ dmp).

Given a sequence I' = (41,...,A,) of types, we denote as [I'] the sequence of objects
([Ad], - [An]).

Given a derivation 7 of a logical judgment ® - p : T' we define now [x] € L([T]), by
induction on the structure of 7.

Assume first that I' = (A+, A), p = (; T, z) and that 7 is the axiom

———— axiom
PFp:T
We have ax(4] € L£(1,[A]*%[A]) and dm4 € L([A*], [A]*) so that we can set

—

[1]o = %) (dm3 ' Bld;4)) axpa)

—

and we have [7] € L£([T']) as required.

Assume next that I' = (A, A®B), that p = (¢ ; ,s%t) and that 7 is the following
derivation, where A is the derivation of the premise:
dF(7;9,s,t):AAB

dF(C;F,sWt): A, ABB

—

then by inductive hypothesis we have [A] € L([A, A, B]) and hence we set

2-rule

—

[7] = B([\]) € L(]A,ABB]).

Assume now that I' = (A;A, A ® B), that p = (7,7; ?,7,5 ® t) and 7 is the
following derivation, where A is the derivation of the left premise and p is the derivation
of the right premise:

OF(T:F,8):AA  OF(d; T,6):AB
or (7, d: 7, T,s0t): ANADB

then by inductive hypothesis we have [\] € £(|A, A]) and [p] € £(]A, B]) and hence we
set

®-rule

—

(7] = @ (Al [o]) € LA, A A® B]).

Assume that ¢ € &, I' = (Ayy, ..., Apm)), P = (?, 55(1)s - -+ Sp(n)) and that 7 is
the following derivation, where A is the derivation of the premise:
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DH (T s1,0080)  Aryn, Ay

OPFp:T
By inductive hypothesis we have [A] € £([A1],...,[A,]) and we set

[w] = sym(p, \]) € £([T]) -

Assume that T' = (A, A), that p = (¢, 7, (s|t); &, ?) and that 7 is the following
derivation, where \ is the derivation of the left premise and p is the derivation of the
right premise:

@F(?;?,S):A,AJ‘ @l-(j;?,t):A,A
oF (7, d,(s|t); T, 7): AN
By inductive hypothesis we have [\ € £([A, AL]) and [p] € £([A, A]). Let n be the length
of A. Let o € T,,. We have [A] (5. € L(1, (87 ([A]))®[A+]) and hence (IdBdm4) [N (5. €
L(1, (37 (JA]))B[A]1). We define therefore I € £([A], [A]*) by Loy = (1dBdm ) [A] (o4
(this definition of | does not depend on the choice of o). We set

[r] = cut(l, [o]) € L([A, A]).

permutation rule

cut rule

Assume last that T' = (A, A), that p = (?,7; ?,?) and that 7 is the following
derivation, where A is the derivation of the left premise and p is the derivation of the
right premise:

A Dk (7 Ty A |
777 7)o mix rule
so that by inductive hypothesns A € £([A]) ] and [p] € L([A]). We set

[7] = mix([\], [p]) € £([A, A]).

(? _>)

The first main property of this interpretation of derivations is that they only depend
on the underlying nets.

Theorem 3. Let m and 7’ be derivations of ® F p : I. Then [r] = [7'].

The proof is a (tedious) induction on the structure of the derivations 7 and 7’.

We use therefore [p] to denote the value of [r] where 7 is an arbitrary derivation of
Fp:T.

Remark: It would be much more satisfactory to be able to define [p] directly, without
using the intermediate and non canonical choice of a derivation 7. Such a definition would
use directly the fact that p fulfills a correctness criterion in order to build a morphism of
L. It is not very clear yet how to do that in general, though such definitions are available
in many concrete models of LL, such as coherence spaces.

The second essential property of this interpretation is that it is invariant under reduc-
tions (subject reduction)

Theorem 4. Assume that ®Fp: T, & p’ : T and that p ~ p’. Then [p] = [p'].
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2.4. Preadditive models

Let £ be a *-autonomous category. We say that L is preadditive if each hom-set £(X,Y")
is equipped with a structure of k-module (we use standard additive notations: 0 for
the neutral element and + for the operation), which is compatible with composition of
morphisms and tensor product:

Z I/jtj (Z /1,281> = Z Vil (tj 51)

jeJ el (i,5)€IxJ
(Tr)o (o) = T mswen
i€l jeJ (i,7)eIxJ

where the p;’s and the v;’s are elements of k. It follows that, given a finite family (s;);er
of morphisms s; € L(U ® X, L), one has cury (3,c; pisi) = > ;e picurL(s;), and that
the cotensor product is bilinear

(Z ,LLl'Si) 7z Z l/jtj = Z HilVj (Sﬂ?t]‘) .

i€l JjeJ (i,9)€IxJ

—

Let (X;)_, be a family of objects of £. The set £(X1,...,X,,) inherits canonically a
k-module structure.

2.5. Exponential structure

If C is a category, we use Cis, to denote the category whose objects are those of C and
whose morphisms are the isos of C (so Cis is a groupoid).

Let £ be a preadditive *-autonomous category. An exponential structure on L is a
tuple (-, w,c,w, E,d,a) where !_ is a functor Lis, — Liso and the other ingredients are
natural transformations: wx € L(1X, 1) (weakening), cx € L(!X,!X ®!X) (contraction),
Wx € L(1,!X) (coweakening), tx € L(IX ® IX,!1X) (cocontraction), dx € L(!X,X)
(dereliction) and dx € L(X,!X) (codereliction).

These morphisms are assumed moreover to satisfy the following properties.

The structure (!X,wx,cx,Wx,Cx) is required to be a commutative bialgebra. This
means that (!X,wx,cx) is a commutative comonoid, (!X,Wx,Cx) is a commutative
monoid and that the following diagrams commute (where ¢ = (1,3,2,4) € &4)

cx ®cx

X! X — (IXeX)e (IX®!X)

Exl 1\\“)
1

X § () Cen)) Idy 1X
1X & 1X — (IX®!X)® (IX®!X)

Cx ®cx
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Moreover, we also require the following commutations (in the dereliction/cocontraction
and codereliction/contraction diagrams, we omit the isos @0 and @Y for the sake
of readability).

X ax X ax
Ol \'X ax®Wx+Wx®axl 1X

/ ‘/C

1 wx Xo!lx

X dx X dx
OT \'X dx®Wx+Wx®dXT \'X

/ —7

1 Wx X®!X X

and
X dx
| =
ldx X
X e
2.5.1. The why not modality. We define ?X = (1(X1))* and we extend this operation

to a functor Lis, — Liso in the same way (using the contravariant functoriality of (_)*).
We define
W%:W§L 1l —=7X.
Since cxo : [(X+) — I(X+) @ [(X+), we have cx, : ((X+) @ (X+))+ — ?X. But
Mmxt)  (XH) = (2X)%, hence (yx1) @ myxs))t : 7XB?X — ((X4) @ (X+))+ and
we set
C/X = CJ)EL (n!(Xl) ® 77!(_)(L))L S £(7X73)7X, 7X) .

Then it can be shown that (7X,w’,c’y) is a commutative %-monoid (that is, a monoid
in the monoidal category (£,%)). Of course, w’ and c’y are natural transformations.

Last, we have dx1 : !(X+) — X' and hence (dy.)* : X+ — ?X, so we can define
the natural morphism

v=dx ) nx X = 7X.

2.5.2. Interpreting DilLLy derivations. We extend the interpretation of derivations pre-
sented in Section 2.3.4 to the fragment DilLL, presented in Section 1.4.

We first have to extend the interpretation of formulas — this is done in the obvious
way — and the definition of the De Morgan isomorphisms. We have [(14)+] = ?[A*]
and [!A]t = (![4])*. By inductive hypothesis, we have the iso dm, : [A+] — [A]1,
hence ?dmy : [(1A)*] = [2(A1)] = ?2([A]Y) = !([A]J-J-)J‘ and since we have ()"
A]S ST = (1[A])*, we set

dmiyg = (Inpa)™ 7dma € Lio([(14)7], [1A]).
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We have [(?4)*] = ![A1] and [?A4]* = (1([A]1)) 1 so we set
dmeoy = A+ 'dmA € ,C,So([(?A)L], [?A]l)

Let 7 be a derivation of @ - p: ', where I' = (Ay, ..., A,).
Assume first that I' = (A, 74), p = (?, e w) and that 7 is the following derivation,
denoting with A the derivation of the premise:
O (¢;9):T
O (¢; F,w):T,74
By inductive hypothesis we have [A] € L([T]). Let 7 € Ty, we have [\, € £(1,%7([I'])).
We have wi,; € £(L,?[A]) and hence

weakening

NSy € L0 L 371, 24]))
so that we can set
[lo = 357 (X)) B
for any 6 € T,,. The fact that the family [7] defined in that way does not depend on the
choice of 7 results from the fact that [A] € £([T).
Assume that T' = (A, ?A4), p = (¢ ; §,c(t1,t2)) and that 7 is the following derivation,

denoting with A the derivation of the premise:

(7§t ts) : A7A2A

F(7; et ) s A 24
We have ¢, € L([?A]B[?A],[?A]). By inductive hypothesis [A] € L([A,?A,?4]). Let
T € T, where n is the length of A. We have

[N,y € £(1, (B7([A]))B([7A]B[? A]))

contraction

and hence, given 6 € T,,41, we set

[mlo = 357 (37 ([AD B a)) [N o oey)

defining in that way [r] € L([A, 7A]).
Assume that T' = (14), p = (; W) and that 7 is the following derivation
W co-weakening

then, for § € T we set [7]g = Fy([LA]) W4 deﬁnmg in that way an element [r] of £([!4]).

Assume that T' = (A, AIA), p = ?,7 <, 7 ,€(u,v)) and that 7 is the following
derivation

OF (T F,u):AIA  DF (d; T.0):AIA,
OF (7, d; 3, T,c(u,0): AN A

and we denote with A and p the derlvatlons of the two premises. By inductive hypothesis,
we have [3] € £([A], [4]) and [p] € £(A], [I4]). We have (N}, [o]) € £([A [A], [14] &
14]).

Let m be the length of A and n be the length of A. Let 7 € Ty, 1, we have @([A], [p]) (r,4) €
L(1, (B ([A], [A))B((['A] ® ['A])). Hence, given 8 € Tpyipnt1 we set

[mle = B (37 ([A], [A])Fex) (], [0]) ey -

co-contraction
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so that [7] € £([A],[A],[!4]), and this definition does not depend on the choice of .

Assume that T' = (A,?A4), p= (¢ ; ,d(s)) and that 7 is the following derivation

@F(?;?,s):A,A o
Y (?; ?,d(s)) TAL7A dereliction

Let A be the derivation of the premise, so that [\] € £([A], [A]).

We have de] : [A] — [?A4]. Let n be the length of A, let 7 € 7, and let 6 € T, 1. We
set

[mlo = 357 (37 ([AD)Bd]4) [\

and we define in that way an element 7 of L£([A],[?A]) which does not depend on the
choice of 7.
Assume that I' = (A,14), p= (¢ ; ,d(s)) and that 7 is the following derivation

D+ (?, ?,s) AVA
dF(7;F,d(s): A IA
Let A be the derivation of the premise, so that [\] € £(JA], [4]). We have dpay : [A] = [1A].
Let n be the length of A, let 7 € T, and let 0 € T,11. We set

(7)o = 357 (37 ([A]))d1a)) [N (79

and we define in that way an element 7 of £([A],[!A]) which does not depend on the
choice of 7.

co-dereliction

Last assume that p = Y. | y;p;, that 7 is the following derivation
Obp;:T Vie{l,...,n}
¢+ Z:‘l:l wipi : T
and that A; is the derivation of the i-th premise in this derivation. Then by inductive
hypothesis we have [X\;] € L([A]) and we set of course

SEDWTINE

One can prove for this extended interpretation the same results as for the MLL frag-
ment.

sum

Theorem 5. Let m and 7’ be derivations of ® F p : I'. Then [r] = [#'].
Again, we set [p] = [r] where 7 is a derivation of ® Fp: T

Theorem 6. Assume that ®Fp: T, & p’ : T and that p ~ p’. Then [p] = [p'].

2.6. Functorial exponential

Let £ be a preadditive *-autonomous category with an exponential structure. A promo-
tion operation on L is given by an extension of the functor !_ to all morphisms of £
and by a lax symmetric monoidal comonad structure on the “!” operation which satisfies
additional conditions. More precisely:
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— For each f € £(X,Y) we are given a morphism ! f € L(!1X,!Y") and the correspondence
f — f is functorial. This mapping f — !f extends the action of |_ on isomorphisms.

— The morphisms dx, dx, wx, Wx, cx and Cx are natural with respect to this extended
functor.

— There is a natural transformation py : !X — !X which turns (!X,dx,py) into a
comonad.

— There is a morphism p° : 1 — !1 and a natural transformation® 3% : 1 X ® 1Y —
(X ®Y) which satisfy the following commutations /

2

O@1x M,
101X & NelX —(1®X)
l,®i<>,*>
@0 X
‘ (6)
X @ pul B
IX®1l — X el —5 (X®1)
l@f&»
@0 M
' (7)
) X ® 4z
(IXelV)e!Z Xe(Ye!Z) XY ®2)
“g(,y ? !Zl lt§(®yz !®E<*<’*>,§§ l”gﬂy@z
(XeY)®!Z —>((X®Y)® 2) —— (X ® (Y ®2) (8)
IX @Y —2 s 1y 91X
Ng{,yl lﬂif,x
lox,
(X®Y) — (Y ® X) B
— The following diagrams commute
M%{,Y uo
Xl ——I(XQY) 1—1
dx ®dy\x ldx®y \ Jdl
X®Y 1

9 These morphisms are not required to be isos, whence the adjective “lax” for the monoidal structure.
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Hx, vy 0

X © Y (X®Y) 1——1
Px ®Pyl lpxgﬂf p,ol lm
H!Qx,!y !l"%(,Y !,uo
X Iy I(1X @ 1Y) X ®Y) n—"

When these conditions hold, one says that (u°, 4?) is a lax symmetric monoidal structure
on the comonad (!,d,p).

2.6.1. Monoidality and structural morphisms. This monoidal structure must also be com-
patible with the structural constructions.

2

n 0
IX@lY —5 (X ®Y) 11—
wx ®Wyl ®2><>1<)> lwx®y \ le
1®1 1 1
X @ly 29, X 21V)® (X ®Y)
_ ®.0
l@ 1®1
W (X ®!Y)® (X @1Y) “Ol lm’@w
lﬂxv®#x¥ '].i’q@‘l
CX®Y
(X®Y) (XRY)R!(X®Y)

where ¢ = (1,3,2,4) € &4 and 0 = ({x, %), (x,%)).

2.6.2. Monoidality and costructural morphisms. We need the following diagrams to com-
mute in order to validate the reduction rules of DiLL.

Ex ®!
XolX)oly 2" \xary
wx ® 'Y
1oly —27 L ixely (X©1X) @er |
1®Wyl (1X®1X)® (Y 1Y)
1®1 vk y @w’”l vy
®g§>*<>>l ) (1X21Y)® (X oY)
1 — 2 (X QY) sy @ sk

(XeY)el(XaY) 225 (X oY)

where ¢ = (1,3,2,4) € &4 and 0 = ({x, %), (x,%)).
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dx ®!Y
Xoly — X @Y
X®dyl - lui,y
d
X0y — S (X ®Y)

2.6.3. Digging and structural morphisms. We assume that py is a comonoid morphism
from (!X, wx,cx) to (X, wyx,cix), in other words, the following diagrams commute.

X —2X sy X Px X
\ JW!X Cxl lcix
wx

1 X o1x X2 iy gy

2.6.4. Digging and costructural morphisms. It is not required that py be a monoid mor-
phism from (!X, wWx,Cx) to (!X, W x,Cx), but the following diagrams must commute.

Wx cx Px

1 1X X®!X X nx
pol lpx Px®le I!EX
H!QX X
n— X X @ X : 11X @ 1X)
wx

In the same spirit, we need a last diagram to commute, which describes the interaction
between codereliction and digging.

dx Px

X 1X 194

®?<>,*>l B T’EX
!

1o X 0% v oix 2 i gy

2.6.5. Preadditive structure and functorial exponential. Our last requirement justifies the
term “exponential” since it expresses that sums are turned into products by this functorial
operation.

X —2 o x Dy

\ / Cxl TEX
wx Wx el
1 X ®1X 2%y @1y

Remark: There is another option in the categorical axiomatization of models of Linear
Logic that we briefly describe as follows.

— One requires the linear category L to be cartesian, with a terminal object T and a
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cartesian product usually denoted as X7 & Xo, projections m; € L(X; & X3, X;) and
pairing (f1, f2) € L(Y, X7 & X3) for f; € L(Y, X;). This provides in particular £ with
another symmetric monoidal structure.

— As above, one require the functor ! to be a comonad. But we equip it now with
a symmetric monoidal structure (m° m?) from the monoidal category (£, &) to the
monoidal category (£, ®). This means in particular that m® € £(1,!T) and m% y, €
L(1X; ®1 X9, (X1 & X3)) are isos. These isos are often called Seely isos in the litera-
ture, though Girard already stressed their significance in (Gir87), admittedly not in
the general categorical setting of monoidal comonads. An additional commutation is
required, which describes the interaction between m? and p.

Using this structure, the comonad (!, d, p) can be equipped with a lax symmetric monoidal
structure (u°, u?). Again, our main reference for these notions and constructions is (Mel09).
In this setting, the structural natural transformations wx and cx can be defined and it
is well known that the Kleisli category L of the comonad !_ is cartesian closed.

If we require the category £ to be preadditive in the sense of Section 2.4, it is easy to
see that T is also an initial object and that & is also a coproduct. Using this fact, the
natural transformations Wy and €x can also be defined.

To describe a model of DiLL in this setting, one has to require these Seely monoidality
isomorphisms to satisfy some commutations with the d natural transformation.

Here, we prefer a description which does not use cartesian products because it is closer
to the basic constructions of the syntax of proof-structures and makes the presentation
of the semantics conceptually simpler and more canonical, to our taste at least.

2.6.6. Generalized monoidality, contraction and digging. Just as the monoidal structure
of a monoidal category, the monoidal structure of |_ can be parameterized by monoidal
trees. Let n € N and let 7 € T,,. Given a family of objects X = (X1,...,X,,) of L, we
define B ®T(!Y) — !®T(?) by induction on 7 as follows:

pt = p
px = ldix

(o,1) _ o T
3y = ”2@6(?),@7(7) (1% @ ug)-

Given 0,7 € 7, and ¢ € &, one can prove that the following diagrams commute
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®@7 (W)

27 (1X) 2T =@  @°(1X) 7 (d3)

7 o o \
Hx l Weo (%) l®<>0 "3 l — ®°X

17 (X) 1= 190(X)~ der®

where 1 is the sequence (1,...,1) (n elements) and o9 = o [()/*] € To (the tree
obtained from o by replacing each occurrence of * by ()).

Before stating the next commutation, we define a generalized form of contraction
c"? : 271X — @@ (1X,1X) as the following composition of morphisms:

a2
©o,0)

®%c S
971X — gr X ——— @7 (IX,1X) 2@ (1IX,1X)

%
where X' = (X1, X1, X2, Xo,...,Xn, Xn), 02 = 0 [(*,%)/%] and ¢ € Gg, is defined by
e(2i+1)=i+1and p(2i +2)=i+n+1forie{0,...,n—1}. With these notations,
one can prove that

2R — e gl (11T - (0°1%) @ (e71F)
%) |5 ong

197 X e (10°X) @ (187 X)

We also define a generalized version of digging p% : ®"!? — !®"!Y as the following
composition of morphisms:

®7pz Mz
271X 2NX —— 191X

With this notation, one can prove that

291X " 171X
sl e

P T

We have p{ = p0, p% = Py, and observe that the following generalizations of the
comonad laws hold. The two commutations involving digging and dereliction generalize

to:
291X )

Sl
21X 901X 190X

dgor% ®7dg

The square diagram involving digging generalizes as follows. Let 7 = (Y1,...,Y,) be
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another list of objects and let 7 € 7T,,. One can prove that
P%
21X 971X

T
P Ty

and then one can generalize this property as follows

(o,7)

P ¥

@1X)® (@717) (@71X) ® (&7I7))
p% ® (@717 | o |63 & @ 1Py
(©71X) @ (@717) — > 1(&"1X) @ (271Y))

(10)

2.6.7. Generalized promotion and structural constructions. Let f : ®‘7!X2 — Y, we define
the generalized promotion f' : ®”!X2 — Y by f' =1If p”?. Using the commutations of
Section 2.6.6, one can prove that this construction obeys the following commutations.

7
271X Y
®Uw7l oo lwy
— )
®71 = @ ®V =1

with the same notations as before.
With these notations, we have

271X ! Y
c"?l lcy

2 (X 1%) Ly g1y

The next two diagrams deal with the interaction between generalized promotion and
dereliction (resp. digging).

®U!? ! Y

\ |+

Y

o @71Y)

Y @ (1Y)
(x,7)
ipY,V

(Y ® (&71Y))

(@1 X) @ (@71Y)
Sacl

1! Y
1(@1X) @ (271Y)) o)

The second diagram follows easily from (10) and allows one to prove the following prop-
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_>
erty. Let f : ®‘7&2 — Yand g : Y ® (®7Y) — Z so that f' : ®”!X — Y and

g:Y® (®TE>/) — 1Z; one has
2IV)) = (g (f @ (@717))) : (2°1X) @ (871Y) — 12

Remark: We actually need a more general version of this property, where f' is not
necessarily in leftmost position in the ® tree. It is also easy to obtain, but notations are
more heavy. We use the same kind of convention in the sequel but remember that the
corresponding properties are easy to generalize.

2.6.8. Generalized promotion and costructural constructions. Let f:1X ® (®”!Y) —Y.
Observe that f (Wx ® (®"!7)) .oz - ®"!X2 — Y. The following equation holds:

f Wx® '} (f Wx® '? U)})

Similarly, we have f (Sx ®( ®‘7'? (X! X)® (®‘7!?) — Y and the following equation
holds:

Flex ® (@71%)) = (f Tx © (271X)))"

This results from the commutations of Sectlons 2.6.2 and 2.6.4.

2.6.9. Generalized promotion and codereliction (also known as chain rule). Let f: !X ®
(®‘7!?) — Y. We set

fo = WX ® '} ®(<) J> 0'? —Y

Then we have

dx ® (@71X) !
X o @1®) =2 X g (@1 R) — L 1y
HX ®C%l
X ® (071X) @ (2°1X)) o
o5 |

ref dy ®Y
(X ® (271X)) @ (2°1X) Lyely Y @Y
This results from the commutations of Sections 2.6.2 and 2.6.4.

2.6.10. Interpreting DILL derivations. For the sake of readability, we assume here that
the De Morgan isomorphisms (see 2.3.4) are identities, so that [A1] = [A] for each
formula A. The general definition of the semantics can be obtained by inserting De
Morgan isomorphisms at the correct places in the forthcomlng expressions.

Let P be a net of arity n + 1 and let p; = (cZ ; tl,t ) for i = 1,...,n. Consider the
following derivation 7, where we denote as A, p1, ..., p, the derivations of the premises.

O P24, 2AL B ®Fp T 1A o By bopn T, lA,

DF (e Thyee by PO, 1)) : Ty T, 1B




Differential Linear Logic 37

By inductive hypothesis, we have [A] € £((1[A1])%, ..., ({[Ax]), [B]) so that, picking an
element o of 7,, we have

Moy € LOL,37((A) -, ([Aa])H)B[B])

= L(L, &7 (A, ..., ![An]) — [B])
and hence
(cur™ (N o)) ® )' € L(®(N[A1],...,1[An]),[B]) -
For i = 1,...,n, we have [p ] ([Fl],‘[ i])- Let I; be the length of T';, and let us

choose 7; € T We have [pi](r, « € L£(1,587([[;])®![A;]) and hence, setting

ri = cur- ([pi]<r,;,*>) ®<<> € L(&@™([I ])l 1[A4i])

we have @ (7) € L(2°([A]Y), @7 (1[A4], ..., ![A,])) where
A=Tq,...,T,
0=0(11,...,7n)
where o(y,...,7,) (for 0 € T, and 7; € Ty, for i =1,..., k) is the element of Tp,4...4n,

defined inductively by

00 =«

(1) =17

~

(0,0 (11, Tn) = (0(T1, o, TK), 0 (Tht 1y -+ -, Th))

where o € Ty, 0’ € Tr_i:
We have therefore
(cur™ (Nou)) ©%.0)' 7 (7) € L@ ([A]F), [B])
We set
[w]o = cur((cur™ (W) ©7.0) @7 (F) @507 € £(1,394) (|A,1B]))

and this gives us a definition of [7] € £(]A,!B]) which does not depend on the choice of
6.

Theorem 7. Let m and 7’ be derivations of ® F p: I'. Then [r] = [7'].
Again, we set [p] = [r] where 7 is a derivation of ® - p: T.
Theorem 8. Assume that ®Fp: T, & p’ : T and that p ~ p’. Then [p] = [p'].

The proofs of these results are tedious inductions, using the commutations described
in paragraphs 2.6.7, 2.6.8 and 2.6.9.

2.7. The differential A-calculus

Various A-calculi have been proposed, as possible extensions of the ordinary A-calculus
with constructions corresponding to the above differential and costructural rules of dif-
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ferential LL. We record here briefly our original syntax of (ER03), simplified by Vaux
in (Vau05)*°.
A simple term is either
— a variable z,
— or an ordinary application (M) R where M is a simple terms and R is a term,
— or an abstraction Az M where x is a variable and M is a simple term,
— or a differential application DM - N where M and N are simple terms.

A term is a finite linear combination of simple terms, with coefficients in k. Substitution
of a term R for a variable z in a simple term M, denoted as M [R/x] is defined as usual,
whereas differential (or linear) substitution of a simple term for a variable in another
simple term, denoted as %—J\f - N, is defined as follows:

dy t{t ifx=y

Ox 0 otherwise
oy M . OM
oe NTM G N
BM-N b (M p) . Nipm (. p
ox ox ox
78(M)R-N: a—ZM-N R+ (DM a—R-N R
ox or ox

All constructions are linear, except for ordinary application which is not linear in the
argument. This means that when we write e.g. (M7 4+ Ms) R, what we actually intend is
(M7) R + (Ms) R. Similarly, substitution M [R/x] is linear in M and not in R, whereas

differential substitution %—Af - N is linear in both M and N. There are two reduction rules:

(A M)R B M[R/z)]
oM

DAz M) N g4 A\x <8x N)

which have of course to be closed under arbitrary contexts. The resulting calculus can
be proved to be Church-Rosser using fairly standard techniques (Tait - Martin-Lof), to
have good normalization properties in the typed case ete, see (ER03; Vau05). To be more
precise, Church-Rosser holds only up to the least congruence on terms which identifies
D(DM - Ny)- Ny and D(DM - N3) - Ny, a syntactic version of Schwarz Lemma: terms are
always considered up to this congruence called below symmetry of derivatives.

2.7.1. Resource calculus. Differential application can be iterated: given simple terms
M,Ny,...,N,, we define D"M - (Ny,...,N,) = D(---DM - Ny ---) - N,; the order on

the terms Ni,..., N, does not matter, by symmetry of derivatives. The (general) re-
source calculus is another syntax for the differential A-calculus, in which the combi-
nation (D"M - (Ny,...,N,)) R is considered as one single operation denoted e.g. as

10 Alternative syntaxes have been proposed, which are formally closer to Boudol’s calculus with multi-
plicities or with resources and are therefore often called resource A-calculi
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M]|Ny, ..., Ny, R*] where the superscript oo is here to remind that R can be arbitrarily
duplicated during reduction, unlike the IN;’s. This presentation of the calculus, studied
in particular by Tranquilli and Pagani, and also used for instance in (BCEM11), has
very good properties as well. It is formally close to Boudol’s A-calculus with multiplici-
ties such as presented in (BCL99), with the difference that the operational semantics of
Boudol’s calculus is given as a rewriting strategy whereas in the differential version of
the resource A-calculus, redexes can be reduced everywhere in terms. The price to pay is
that reduction becomes non-deterministic in the sense that it can produce formal sums
of terms.

2.7.2. The finite resource calculus. If, in the resource calculus above, one restricts one’s
attention to the terms where all applications are of the form

M[Nla"'aNnaOOO]

which corresponds to the differential term (D(---DM - Ny---) - N,)0, then one gets a
calculus which is stable under reduction and where all terms are strongly normalizing.
This calculus, called the finite resource calculus, can be presented as follows.

— Any variable x is a term.

— If = is a variable and s is a simple term then Ax s is a simple term.

— If S is a finite multiset (also called bunch in the sequel) of simple terms then (s) S
is a simple term. Intuitively, this term stands for the application s[s1, ..., s,,0%] of
the resource calculus, where [sq,...,s,] = S.

A term is a (possibly infinite!!) linear combination of finite terms. This syntax is extended
from simple terms to general terms by linearity. For instance, the term (z) [y + 2,y + 2]
stands for (z) [y, y] + 2 (z) [y, 2] + (x) [z, z].

In the finite resource calculus, it is natural to perform several (4-reductions in one
step, and one gets

otherwise

Os) S fa {ZKG" s [sf(l)/ml, . sf(n)/xn] if deg.x =n
0

where d = deg, s is the number of occurrences of  in s (which is a simple term), z1, ..., x4
are the occurrences of z in s and the multiset S is [s1,. .., $p].

Again, this calculus enjoys confluence, and also strong normalization (even in the
untyped case). It can be used for hereditarily Taylor expanding A-terms as explained
in (ER08; ER06; Ehr10).

Taylor expansion consists in hereditarily replacing, in a differential A-term, any ordi-
nary application (M) N by the infinite sum

= 1
> = (D"M-(N,...,N))0.

n!
n=0

1 When considering infinite linear combinations, one has to deal with the possibility of unbounded
coefficients appearing during the reduction. One option is to accept infinite coefficients, but it is also
possible to prevent this phenomenon to occur by topological means as explained in (Ehr10).
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More precisely, it is a transformation M — M™* from resource terms to finite resource
terms which is defined as follows:

¥ =z

Az M)" = Xz (M*)

o0
AHAG7“.,A%,R“1*::§:4%<A4*>UVH,”.,A@*,R*P..7Rﬂ

p=0
so that the Taylor expansion of a resource term is a generally infinite linear combination
of finite resource terms. In the definition above, we use the extension by linearity of
the syntax of finite resource terms to arbitrary (possibly infinite) linear combinations.
The coefficients belong to the considered semi-ring k where division by positive natural
numbers must be possible.

In (ER08; ER06) we studied the behavior of this expansion with respect to differential
B-reduction in the case where the expanded terms come from the A-calculus (that is, do
not contain differential applications; this is the uniform case), and we exhibited tight
connections between this operation and Krivine’s machine, an implementation of linear
head reduction.

There is a simple translation from resource terms (or differential terms) to DiLL proof-
nets. When restricted to the finite resource calculus, this translation ranges in DilL,.
This translation extends Girard’s Translation from the A-calculus to LL proof-nets.

3. More on exponential structures

We address here two aspects of exponential structures: we study a simple condition
expressing that a map whose derivative is uniformly equal to 0 must be constant, and
we propose an axiomatization of antiderivatives in this categorical setting.

So we assume to be given a preadditive *-autonomous category £ equipped with an
exponential structure in the sense of Section 2.5, and we use the same notations as in
this section.

For the sake of notational simplicity, we do as if ® were strictly associative and 1 were
strictly neutral for ®. In other words, we do not mention the isos A\, p and « in our
computations, just as if they were identities (see Section 2.2). Given an object X and
n € Nof £, we use X®" for the nth tensor power of X: X®° = 1 and X®(+1) = X®ng X,

Given an object X of £, we define a morphism dx € £(!X ® X,!X) as the following
composition of morphisms

X ®dx

X ® X IX @1X 251X

More generally, we define dy € L(!X @ X®", 1X):

% = ldix

v =0y (3% @ X)
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Last we set
dy =y (Wx ® X&) e L(X®"1X).

We define dually dx € L(!X,!X®X) as 0x = (IX®dx)cx and 9% € L(1X,! X @ X®™)
by 0% = ldix and 9%t = (0% ® X) dx. And we set

d = (wy ® X®™) 9% € L(IX, XEm) .

Observe that we have a; =dy and d}( =dyx.

Consider now some f € L(1X,Y), to be intuitively seen as a non linear map from X to
Y (if |- were assumed to be a comonad as in Section 2.6, then f would be a morphism in
the Kleisli category £;). Such a morphism will sometimes be called a “regular function”
in the sequel, but keep in mind that it is not even a function in general. For instance,
if X and Y are vector spaces (with a topological structure, in the infinite dimensional
case), such a regular function could typically be a smooth or an analytic function.

With these notations, fwyx € £(1,Y") should be understood as the point of ¥ obtained
by applying the regular function f to 0. Similarly, fcx € L(!X ® !X,Y) should be
understood as the regular function g : X x X — Y defined by g(x1,z2) = f(z1 + x2).

Dually, given y € L£(1,Y) considered as a point of Y, then ywx € L£(!X,Y) should
be understood as the constant regular function which takes y as unique value. If g €
(IX ®!X,Y), to be considered as a regular function with two parameters X x X — Y,
then f = gcx € L(1X,Y) should be understood as the regular function X — Y given by
f(z) = g(z,z). Given g € L(X,Y), to be considered as a linear function from X to Y,
f=gdx € L(IX,Y) is g, considered now as a regular function from X to Y.

The basic idea of DiLL is that f' = fOx € L(!IX ® X,Y) (that is f' € L(1X, X — Y),
up to linear curryfication) represents the derivative of f.

Remember indeed that if f : X — Y is a smooth function from a vector space X to
a vector space Y, the derivative of f is a function f’ from X to the space X — Y of
(continuous) linear functions from X to Y: f/ maps z € X to a linear map f/'(z) : X = Y,
the differential (or Jacobian) of f at point x, which maps v € X to f'(z) - u.

In particular, fdx = fOx (Wx ® X) € L(X,Y) corresponds to f/(0), the differential
of f at 0.

More generally, f 5} € L(IX ® X®" Y) represents the nth derivative of f, which is a
regular function from X to the space of n-linear functions from X to Y (these n linear
functions are actually symmetric, a property called “Schwarz Lemma” and is axiomatized
here by the commutativity of the algebra structure of !X).

The axioms of an exponential structure express that this categorical definition of differ-
entiation satisfies the usual laws of differentiation. Let us give a simple example. Consider
feL(IX®!X,Y), to be seen as a regular function f(x1,z2) depending on two parame-
ters z1 and z9 in X. Remember that g = fcx € L(1X,Y) represents the map depending
on one parameter z in X given by g(x) = f(z, ).

Using the axioms of exponential structures, one checks easily that

cxOx = (X ®0x) +(0x ®'X) (IX ®0)) (cx ® X)
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which, by composing with f and using standard algebraic notations, gives
g (@) u=fi(z,z) u+ folz,x) u

where we use f/ for the ith partial derivative of f and “” for the linear application of
the differential. This is Leibniz law.

Similarly, the easily proven equation wx Ox = 0 expresses that the derivative of a
constant map is equal to 0.

It is a nice exercise to interpret similarly the dual equations

Oxtx = Ex X)) (I X®dx)+ (IX®0)(0x ®'!X))

Oxwx =0
Consider g € L(!X ® X,Y), to be considered as a regular function X x X — Y which is
linear in its second parameter. Then f = g9x € L(!1X,Y) is the regular function X — Y

given by g(z) = f(x,x). The second equation corresponds to the fact that g(0,0) = 0,
and the first one, to the fact that g(z1 + 22,21 + x2) = g(x1 + z2,21) + g(x1 + T2, T2).

3.1. Taylor exponential structures.

Let £ be an exponential structure and let f € L(!X,Y), to be considered as a “regular
function” from X to Y. The condition f dx = 0 means intuitively that the derivative of
f is uniformly equal to 0, and hence, according to standard intuitions on differentiation,
f should be a constant map. In other words we should have f = fwx wx.

This property can be stated in a more general way as follows: let fi, fo : 1X — Y then

f10x = f20x = fi+ (faWxwx) = fo+ (fiWx wx)

and does not seem to be derivable from the other axioms of exponential structures. The
converse implication is easy to prove.

Remark: There is a dual condition which reads as follows: if f1, fo : Y — !X, then

Ox f1 =0x fa = f1i+ (Wxwx fa) = fa+ (Wx wx f1)

The intuition is that, given f : Y — !X, to be considered as a generalized point of !X if
Ox f =0, then the range of f is included in the subspace of ! X generated by the unit of
the bialgebra ! X . In other words, this condition means that the kernel of Jx is generated
by this unit.

We say that the exponential structure £ is Taylor if it satisfies the first condition.
For n € N, let T% € C(!X,!X) be defined by

n
1=
T% =Y S dxdy .
i=0
Lemma 9. For any n > 0, we have

T% dx = 0x (T ' ®Idy) .
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Proof. This results from
p— p— p— — 71 _
dy d% dx =ndx ((dy d¥ ') ®ldy)
which comes from the basic equations of exponential structures. O

Remember that a commutative monoid M is cancellative if, in M, one has u + v =
uvtv=u=1.

Proposition 10. Assume that £ is Taylor and that each homset £(X,Y") is a cancellative

monoid. Let n € N and let f1, fo : IX — Y. If f10x = fo0%  then fi + (fo T%) =

fo+ (1 T%).

In particular, if f 5}“ = 0 (that is, the (n + 1)-th derivative of f is uniformly equal to
0), then f = f T%, meaning that f is equal to its Taylor expansion of rank n.

Proof. By induction on n. For n = 0, this is simply the hypothesis that £ is Taylor.

Assume now that f; 5’;:2 = fa 5}“ and let us prove that fi+(f2 T%) = fo+(f1 TR).
We have f19x (v ®Idx) = f29x (O = @ Idy). By monoidal closeness, we have

cur(fLdx) T = cur(f29x) 0y " and hence, by inductive hypothesis, we have
cur(f19x) + (cur(fo 0x) T'x) = cur(f2 dx) + (cur(f1 Ix) T%)
that is
cur(f1 9x) + (cur(fo Ox (T% @ 1dx))) = cur(f2 Ox) + (cur(f1 Ix (T @ ldx)))
and hence
(10x) + (f20x (Tk ®1dx)) = (fa0x) + (f1 Ox (T% @ ldx))
so applying Lemma 9, we get
(fi + LT Ox = (fo + ATK™) Ox
Applying the hypothesis that £ is Taylor, we get
fi+ TV 4 (o+ ATY D Wxwx = fo+ ATY T + (i + foT% ) Wx wy

and since T}H WxWx =Wy wy we get fi + ng}'H +(fitfo)Wxwyx = fot+ flT}+1 +
(f2 + f1)Wx wx and so, applying the cancellativeness hypothesis, we get finally

fi+ 2T = fo+ AT

as required. O

3.1.1. The category of polynomials. We say that f € L(1X,Y) is polynomial if there exists
n € N such that fg?:l = 0, and we call degree of f the least such n. The morphism
dx € C(!X, X) is polynomial of degree 1.

Let f € £L(1X,Y) and g € L(!Y, Z) be polynomial of degree m and n respectively. We
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define the composition g o f € L(1X, Z) as follows

n
1 — -
gOf:ZEQdyf@Cfx-
i=0
ix
) —
where f® = f®---® f.

Since anZX =0 for i # 1, we get dx o g = g. Next observe that godx =gT% =g
by Proposition 10. One can prove that g o f is polynomial of degree < mn, that is
(g of) 8?” = 0 by a straightforward (though boring) categorical computation using
the basic axioms of exponential structures. Using the same axioms, one shows that this
notion of composition is associative, so that we have defined a category of polynomial
morphisms.

3.1.2. Weak functoriality and the category of polynomials. We do not require this oper-
ation X — !X to be functorial, but some weak form of functoriality can be derived from
the above categorical axioms. Let f € £(X,Y). By induction on n, we define a family of
morphisms f" : !X — !X as follows: f© =wyx wx and

fn+1 — éX (fn ® f) 6X-
Proposition 11. Let f € £(X,Y) and g € L(Y, Z) and let n,p € N. Then
n nl(gf)" ifn=p
g = { (9.)

0 otherwise.

Proof. Simple calculation using the diagram commutations which define an exponential
structure. O

So for each n € N we can define |, f = ZZ:O %f‘l 21X — X, and we have l,,g!,,f =
'n(g f). So f+—1,f is a quasifunctor, but not a functor as it does not map Ildx to Idix,
but to an idempotent morphism p% : !X — 1X.

In some concrete models, this sequence (1, f)nen can be said to be convergent, in a
sense which depends of course on the model. The limit is then denoted as !f and the
operation defined in that way turns out often to be a true functor, defining a functorial
exponential in the sense of Section 2.6.

3.2. Computing antiderivatives.
We say that an exponential structure £ has antiderivatives if the morphism
Jx = Idx +(5Xax) X o 1X

is an isomorphism. We explain why.
We assume to be given an exponential structure £ which has antiderivatives in that
sense and we set Iy = JX71.
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In the sequel, we use the following notation
Py = (5x®|dx)0'23(8x®|dx) XX 51X X

where 093 = !X ® 0 is an automorphism on !X ® X ® X, because this morphism ¢ x will
show up quite often. Observe in particular that

Ox Ox = ldixex +ix -
Lemma 12. The following commutation holds

(Ix ®ldx)vx =vx (Ix ®ldx) (11)

Proof. Since Ix = (Idix +(0x (‘3)())717 we have Ix®Ildx = ¢~ where ¢ = Id|xgx +((0x Ox)®
Idx) by functoriality of ®. To prove (11), it suffices therefore to prove that ¢ commutes
with ¢ x. For this, it suffices to show that

((0x 9x) ®@dx) ¥x = ¢x ((Ox Ox) ® ldx) .
We have
((0x 0x) @ ldx) ¥x = ((Ox Ox Ox) @ ldx) 023 (Ox @ ldx)
but remember that 0x 0x = ldixgx +%x, and hence
((Ox 0x) @ ldx) ¥x = 1hx + ((Ox 1x) @ ldx) 093 (Ix @ ldx)

But dx (Ox ® Idx) 093 = Ox (Ox ® Idx) by commutativity of the bialgebra !X and by
definition of dx. Therefore dx ¥x = dx ((Ox Ox) @ Idx). So we can write

((0x 0x) ® ldx) ¥x
=¢x 4+ (0x ®1dx) (Ox 0x) @ ldx @ ldx) 023 (Ox ® ldx)
= wX + (5X ® IdX) ((5){ ax) ® 0') (8)( X |dx)

A similar, and completely symmetric computation, using this time the cocommutativity
of the bialgebra !X, leads to

Yx ((0x 0x) @1dx) = x + (Ox ®@ldx) ((0x Ox) ® o) (Ox @ ldx)
and we are done. O

We can now prove a completely categorical version of the following proposition which
is the key step in the usual proof of Poincaré’s Lemma.

Proposition 13. Let f : IX ® X — Y be such that the differential f (0x ® ldx) :
1X® X ®X — Y satisfies

f(Ox ®Ildx)oes = f(0x ®Idx).

Then there exists ¢ : 1X — Y such that g Ox = f; in other words, ¢ is an “antiderivative”

of f.
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Proof. One sets
g:f<Ix®|dx)ax. (12)
Then we have
8)( 5){
(Idixex +1x)

+ f(Ix ®@dx)vx
+ fYx (Ix ® Idx)

Ix ®Idx
Ix ®Idx
Ix ®Idx
Ix ®ldx

g0x =

f
=/
f
f

— — — ~—

by Lemma 12. But

fix = f(Ox ®1dx) 023 (Ox @ ldx)
= f(0x ®1dx) (0x ®dx) by our hypothesis on f
= f((0x 0x) ®Idx).

So we get
95)( = f(IX ® IdX) + f((gx 8}( IX) X IdX)
=f (((|d1x +(5X ax)) Ix) & |dx)
=f
since Iy is the inverse of Idix +(0x 9x). O

3.2.1. Comments. Let us give some intuition about our axiom that Jx has an inverse.
Given f : !X — Y seen as a “regular function” from X to Y, we explain why the
morphism fIx : !X — Y should be understood as representing the regular function g
defined by

1
ofa) = [ rieoar

assuming of course that this integral makes sense. With this interpretation, g dx : !X ®
X — Y represents the differential Dg of g, a regular function X x X — Y which maps
(z,y) to Dg(x) - y and is linear in y. Then, applying the ordinary rules of differential
calculus, and the fact that differentiation commutes with integration, we get

Dy(a) -y = | HDF(t2) - .
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The morphism h = g0x Ox : !X — Y corresponds to the regular function from X to Y
such that

hx) = / (Df (tz) - (tz))dt

0

_ /01 HDf(tz) - 2)dt
_ / )
0

dt
1
— (@)~ [ sttt
0
integrating by parts. In other words, we have seen that
fIx9x 0x = f—(fIx)

that is

fIx (dix +(0x 0x)) = f
this is why our first axiom on Iy is that Ix (Idix +(0x dx)) = Idix. To explain why we
also require (Idix +(0x 0x)) Ix = Idix, observe that

l:fgxaxt!X—)Y

corresponds to the regular function defined by I(x) = D f(z)-2 and hence I Ix corresponds
to the regular function m : X — Y given by

1
m(z) = / (Df(tz) - (tx))dt = h(x)
0
by linearity of the differential. So we have

fOxoxIx = [ —(fIx)
that is
f (|C|!X +(5X ax)) Ix=1f.
A remarkable and quite natural feature of this axiomatization of antiderivatives is the

fact that it is actually a mere property of the exponential structure, and not an additional
structure: it must be such that Id;x +(0x dx) has an inverse.

Remark: The definition (12) of the antiderivative g of f in the proof above reads as
follows, if we use this intuitive interpretation of Ix:

1
o(z) = / f(tx) - di (13)

which is exactly its definition, in the standard proof of Poincaré’s Lemma. The proof of
Proposition 13 is a rephrasing of the standard proof, which uses an integration by parts.

3.2.2. The fundamental theorem of calculus. This is the statement according to which
one can use antiderivatives for computing integrals: if f,g: R — R are such that ¢’ = f,
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then f; f(t)dt = g(b) — g(a). In the present setting, it boils down to a simple categorical
equation.

Proposition 14. Let £ be an exponential structure which has antiderivatives and is
Taylor. Then

Ox (Ix®|dx)8x +wWxwyx = Idix .

Proof. Let fi = 0x (Ix ®ldx)dx :'X — !X and let fo = Id;x. We have
fi0x = 0x (Ix ®dx) Ox Ox

=0x (Ix ®ldx) +0x (Ix ®Idx) (0x ® ldx) 023 (Ox @ ldx)

=0x (Ix ®Idx) + dx (Ox ® ldx) 093 (Ox ® Idx) (Ix @ ldx)
by Lemma 12

=0x (Ix ®Idx) +9x (0x ®ldx) (0x ® ldx) (Ix ® Idx)
by commutativity of cocontraction

=0x ((Idix +(0x 0x)) ® ldx) (Ix ® ldx)

=0x since Ix = (|d1X +(5X ax)>_1

= f20x .
Since L is Taylor and since f; Wx wx = 0, we have therefore f1 + (foWxwx) = fo +
(f1Wx wx ), which is exactly the announced equation. O

Remark: We give now an intuitive interpretation of this property. Let f : !X — Y|
considered as a regular function from X to Y. Then fdx (Ix ® ldx)dx : !X — Y
represents the regular function g : X — Y given by

1 1
g(x):/o Df(t:c)’xdt:/o dfc(;m) dt

so that g(x) = f(z) — f(0) by the Fundamental Theorem of Calculus. In other words
g(x) + f(0) = f(z), that is f (Ox (Ix ® ldx)Ix + Wx wx) = f.

3.3. Computing antiderivatives in the resource calculus

We can consider finite linear combinations of finite resource terms (see 2.7.2) as polyno-
mials, and with this respect, it seems natural to formally compute the antiderivative of
such a term, as one does for polynomials. This is the purpose of this short section. We
use A for the set of simple resource terms and k(S) for the free k-module generated by
the set S.

As with ordinary polynomials, we define first the antiderivative of a monomial, that
is, of a simple resource term. Remember that, for ordinary one variable polynomials, the
antiderivative of X? is d%rlX d+1. the definition is completely similar here. Let t € A be
a simple resource term and let x be a variable. We set

1
IL(t) = —t.
®) deg t +1
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We extend this operation by linearity to all elements u € k(A), that is we set I, (u) =
> en Ul ().
For d € N, let Al = {t € A | deg,t = d} be the set of all simple resource terms of
degree d in x. The elements of k<A§Cd)> are said to be homogeneous of degree d in x.
With these notations, we can write

L) = o 3wt
d=0 NG

Intuitively, I, (u) stands for the integral fol u(rz) dr which is the basic ingredient in the
proof above of Poincaré’s Lemma.

Let u € k(A) which is linear in the variable h, in other words u € k<A21)>. Let A’ be
a variable which does not occur free in u, we assume that

u_,,_ oull'/h)

h
Ox Ox
which is our symmetry hypothesis on u. In other words, for any d € N, we have
ot ot [W' /)
— k= ——— - h. 14
Ut ) Z Ut Oz (14)
teald teAl®
Mimicking (13), we set
v =I(u) [z/h]
and we prove that
ov
Z h=u. 15

Choose h' as above, we prove that % - h' = w[h'/h] which of course implies (15). We
have, keeping in mind that h has exactly one free occurrence in each ¢ € A such that
(7 7& 0

v =1 Ot [xz/h]
.h’:Zrzut " B

oz ~ +1t€A&d) d
:iL 3w <at~h’[x/h]+t[h//h]>
—d+1 oAl Ox
w1 ot[h'/h] L ,
=y we [ EELE R ) [w/h) + [0 /h]) by (14)
dz_%dﬂtew (( Oz ) ) Y

" (m[g;/h]w—i—t[h’/ho

teAldD
=Y 3w (dt[n'/h] +t[l//h]) since ? ~x=ds forall s € AW
X

I
[M]8
7|
+ |~
—

]

e
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and we are done.

4. Concrete models

We want now to give concrete examples of categorical models of DilLL.

4.1. Products, coproducts and the Seely isomorphisms

In Section 2.6, we introduced the functorial version of the exponential without mentioning
the Seely isomorphisms: as explained in Paragraph 2.6.5, this choice is very natural
when presenting the denotational interpretation of proof-nets. But when describing the
structure of concrete models, as we want to do now, it is more natural to assume that
the linear category L is cartesian and that the !_ comonad is equipped with a strong
symmetric monoidal structure from & to ®.

So we assume to be given a preadditive *-autonomous category £ equipped with an ex-
ponential structure (Section 2.5) where !_is a monoidal comonad satisfying the conditions
of Section 2.6.

We assume moreover that £ is cartesian, with terminal object T, cartesian product &,
projections m; € L(X; & X3, X;). Because L is preadditive, this implies that T is also an
initial object, and that X; & Xo (together with suitably defined injections) is also the
coproduct of X; and Xs. In other words, £ is an additive monoidal category.

We assume to be given an isomorphism m® € L£(1,!T) and a natural isomorphism
m}l’XQ € L(1X;1®! X, (X7 & X3)) which endow the functor |- with a monoidal structure.
This means that diagrams similar to (6), (7), (8) and (9) hold.

We also require the following diagram to commute

2

IX®Y — s (X & Y)

lpx&y

Px ® Py WX &Y)
. l!(!ﬂ'l,!ﬂ'z>

Xy —— I(IX & 1Y)

Of course, there is a connection between these two monoidal structures on !_. The
morphism p° is the following composition of morphisms:

0

((m$)™h)

1" T 2ot 1
and pg(,y is
mg{,Y Px&y !(mgf,y_l) I(dx ®dy)
XY (X&Y) — (X &Y) (X ®1Y) (X®Y)

The bi-algebraic structure of !X presented in Section 2.5 is also related to this Seely
monoidal structure.
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For the coalgebraic part, let AX € £(X, X & X) be the diagonal morphism associated
with the cartesian product of X with itself. Then we have

cx =mkyx AN X 5 IX@IX

Similarly we set
Wx = m(l) !TX
where 7x : X — T is the unique morphism to the terminal object. The algebraic part

satisfies similar conditions, using the codiagonal aX : X & X — X and the morphism
I
T 1T = X.

4.2. Relational semantics

We introduce now the simplest x-autonomous category equipped with an exponential
structure: the category of sets and relations. For this model, we assume that k = {0, 1}
with addition defined by 1 +1 = 1.

Let Rel be the category whose objects are sets and where Rel(X,Y) = P(X x Y),
identities being the diagonal relations and composition being defined as follows: if R €
Rel(X,Y) and S € Rel(Y, Z) then

SR={(a,c) e XxZ|3beY (a,b) € Rand (b,c) € S}.

Let # C X, weset Re ={b€Y |3a €z (a,b) € R} CY which is the direct image of
x by R. We also define R+ = {(b,a) € Y x X | (a,b) € Y} which is the transpose of R.
Given £ C X and vy CY, we have

(Rz) Ny =pry(RN(z xy)) and (RTy)Nna=pr (RN (zxy)) (16)

where pr; and pry are the two projections of the cartesian product in the category Set
of sets and functions (the ordinary cartesian product “x”).

Observe that an isomorphism in Rel is a relation which is a bijection.

The symmetric monoidal structure is given by the tensor product X @ Y = X x Y and
the unit 1 an arbitrary singleton. The neutrality, associativity and symmetry isomor-
phisms are defined as the obvious corresponding bijections (for instance, the symmetry
isomorphism oxy € Rel(X ® Y,Y ® X) is given by o(a,b) = (b,a)). This symmetric
monoidal category is closed, with linear function space given by X — YV = X x Y,
the natural bijection between Rel(Z ® X,Y) and Rel(Z, X — Y) being induced by the
cartesian product associativity isomorphism. Last, one takes for 1 an arbitrary singleton,
and this turns Rel into a *-autonomous category. One denotes as * the unique element
of 1 and L.

This category is additive, with cartesian product X; & X5 of X; and Xs defined as
{1} x X7 U{2} x X5 with projections m; = {((i,a),a) | a € X;} (for ¢ = 1,2), and terminal
object T = (). Then the commutative monoid structure on homsets Rel(X,Y) is defined
by 0 =0 and f + g = f Ug and the action of k on morphisms is defined by 0 f = 0 and
1 f = f (there are no other possibilities).

Rel is also a Seely category (see Section 4.1), for a comonad !_ defined as follows:
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— 1 X is the set of all finite multisets of elements of X;
— if R € Rel(X,Y), then weset IR = {([a1,...,an], [b1,-..,bn]) | n € N and Vi (a;,b;) €
R};

—dx € Rel(!X, X) is dx = {([a],a) | a € X};
—pyx ={(m1+ -+ my,[m1,...,my]) | n € Nand mq,...,m, € X},
The monoidality isomorphism mg(’y € Rel(!X @ 1Y, (X &Y)) is the bijection which
maps ([a1,...,al, [by,...,br]) to [(1,a1),..., (L @), (2,b1),...,(2,0,)].

Last, we also provide a codereliction natural transformation dx € Rel(X,!X) which
is simply given by dx = {(a,[a]) | @ € X }.

With these definitions, it is easy to see that cx = {({ +r,(I,7)) | I, € |X}, wx =
{(,7)} ex ={(,r),l+7) | l,r € !X} and Wx = {(%,[])}. The required diagrams are
easily seen to commute.

4.2.1. Antiderivatives. This exponential structure is bicommutative and can easily seen
to be Taylor in the sense of Section 3.1. Moreover, it has antiderivatives in the sense of
Section 3.2, simply because the morphism Jy = Idx +(5X Ox) :1X — X coincides here
with the identity. Indeed dx = {(I+[a], (I,a)) | | € !X and a € X}, dx = {((l,a),l+]a]) |
1 €!X and a € X} and therefore Ox dx = {(I,1) | I € !X and #l > 0}.

Concretely, saying that a morphism f € Rel(!X ® X,Y) satisfies the symmetry con-
dition of Proposition 13 simply means that, given m € Mg, (X), a,a’ € X and b € Y,
one has ((m + [a],a'),b) € f < ((m + [d'],a),b) € f. In that case, the antiderivative
g € Rel(1X,Y) given by that proposition is simply

g9 ={(m+1al,b) [ (m,a),b) € f}.

4.3. Finiteness spaces

This model can be seen as an enrichment of the model of sets and relations of Section 4.2.
It can also be described as a category of topological vector spaces and linear continuous
maps. From now on, k denotes an arbitrary field which is always endowed with the
discrete topology.

4.4. Linearly topologized vector spaces (ltvs)

Let E be a k-vector space. A linear topology on E is a topology A such that there is a
filter £ of linear subspaces of E with the following property: a subset U of E is A-open
iff for any = € U there exists V € L such that x +V C U. One says that such a filter £
generates the topology L. A k-ltvs is a k-vector space equipped with a linear topology.
Observe that E is Hausdorff iff () £ = {0} (for some, and hence any, generating filter £);
from now on we assume always that this is the case.

Proposition 15. Let E be a k-ltvs. Any linear subspace U of E which is a neighborhood
of 0 is both open and closed. So E is totally disconnected (the only subsets of E which
are connected are the empty set and the one point sets).
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Proof. Let L be a generating filter for the topology of E. First, let z € U and let V € L
be such that V' C U (such a V exists because U is a neghborhood of 0), then we have
x4V C U since U is a linear subspace and hence U is open. Next let x € E\U. If
y €UN(x+U) then we have y —x € U and hence z € U since y € U and U is a linear
subspace: contradiction. Therefore U N (z + U) = ) and U is closed since U is open. O

Any linear subspace which contains an open linear subspace is open.

4.4.1. Cauchy completeness. A net in E is a family (z(d))4ep of elements of E indexed
by a directed set D. The net (x(d))4ep converges to x € E if, for any neighborhood U of
0, there exists d € D such that Ve € D e > d = z(e) —x € U. Because E is Hausdorff, a
net converges to at most one point. As usual, one can check that a subset U of F is open
iff, for any net (x(d))4ep which converges to a point « € U, there exists d € D such that
Vee De>d=x(e) €U.

A net (z(d))gep is Cauchy if, for any neighborhood U of 0, there exists d € D such
that Ve,e’ € D e,/ > d = xz(e) — z(e’) € U. This latter statement is equivalent to
Vee De>d= x(e) —z(d) € U.

One says that E is complete if any Cauchy net in E converges.

4.4.2. Linear boundedness. Let E be an ltvs and let U be an open linear subspace of
E. Let 7y : E — E/U be the canonical projection. This map is of course linear, and
its kernel is U which is a neighborhood of 0. This means that, endowing E/U with the
discrete topology, 7y is continuous. Hence the quotient topology on E/U is the discrete
topology.

We say that a subspace B of E is linearly bounded if 7y (B) is finite dimensional, for
every linear open subspace U of E. In other words, for any linear open subspace U, there
is a finite dimensional subspace A of E such that B C U + A.

Proposition 16. Any finite dimensional subspace of an ltvs E is linearly bounded. Let
B; and By be subspaces of E. If By C By and Bs is linearly bounded, so is By. If By
and Bs are linearly bounded, so is By + Bs.

A collection of subspaces of a vector space F' having these properties is called a linear
bornology on F.

An ltvs E is locally linearly bounded if it has a linear open subspace which is linearly
bounded.

4.4.3. Linear and multilinear maps. Let Fy, ..., E, and F be k-ltvs’s. An n-multilinear
function f : Ey X -+ x E, — F is hypocontinuous if, for any ¢ € {1,...,n}, any linear
open subspace V' C F' and any linearly bounded subspaces B; C Ey,...,B;,_1 C F;_1,
Biy1 € Eiq1,...,B, C E,, there exists an open linear subspace U C E; such that
f(By X+ xBi_1 xUXBj11 X+ xB,)CV.

We denote by (E1, ..., E,) — F the k-vector space of all such multilinear maps. Given
linearly bounded subspaces By, ..., B, of E1,..., E, respectively and given a linear open
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subspace V of F, we define
Ann(By,...,B,,V)={f€ (F1,....E,) = F | f(Byx---x B,) CV}.

This is a linear subspace of (E1,...,E,) — F and by Proposition 16 these subspaces
form a filter which defines a linear topology on (Ej,...,E,) — F and this topology
is Hausdorff. Indeed, if f € (Fy,...,F,) — F is # 0, then take x; € F; such that
f(z1,...,2,) #0. Since F is Hausdorff, there is a linear neighborhood V of 0 in F such
that f(z1,...,2,) ¢ V. Let B; = kay; this is a linearly bounded subspace of F; and
f(Bix---xBy)ZV.

In the case n = 1 (and E = E), the corresponding maps f : E — F are simply called
linear, and they are continuous. The corresponding function space is denoted as £ —o F.

If F = k, the corresponding maps are called (multi)linear (hypo)continuous forms.
If furthermore n = 1 the corresponding function space is denoted as E’ and is called
topological dual of E.

Proposition 17. Let f : E; X --- X E, — F be multilinear and hypocontinuous and
let B; C E; be linearly bounded subspaces for ¢ = 1,...,n. Then f(By; x --- x B,) is a
linearly bounded subspace of F'.

Proof. Let V' be an open linear subspace of F. Let U; be an open linear subspace of
E; such that f(U; x By X -+ x By,) C V. Let A; be a finite dimensional subspace of
E; such that By C Uy + Ay, we have f(By X -+ x B,) CV + f(A; X By X -+ X By,).
Since A; is bounded, one can find similarly a finite dimensional subspace Ay of Ej
such that f(A; X By X -+ X Byp) CV + f(A; x A3 X B3 X --- x B,,) and hence (since
V4+V =V)weget f(By X - x B,) CV+ f(A; x Ay X Bg X --- X By). Continuing

this process, we find finite dimensional subspaces A; of F; for ¢ = 1,...,n such that
f(B1 x -+ xBp) CV+ f(A; x--- x A,) and we conclude that f(By X --- x By,) is
linearly bounded since f(A; x --- X A,,) is finite dimensional. O

It is tempting to think that (multi)linear continuous maps could be characterized as
those which preserve linear boundedness. This cannot be the case: think of a linear map
f: E — F where F is finite dimensional. Such a map preserves linear boundedness (any
subspace of F is linearly bounded) but has no reason to be continuous.

4.5. Finiteness spaces and the related ltvs’s

We restrict now our attention to particular Itvs’s which can be described in a simple

combinatorial way.

4.5.1. Basic definitions. Let I be a set. Given F C P(I), we define F+ C P(I) by
Fr={u CI|VueFunuisfinite}.

We have F C G = G+ C F+, F C F** and therefore F*++ = Ft.
A finiteness space is a pair X = (|X|,F(X)) where |X| is a set and F(X) C P(|X])
satisfies F(X) = F(X)1*. The following properties follow easily from the definition
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— if w C | X| is finite then u € F(X)
— if w,v € F(X) then uUv € F(X)
— if u C v € F(X), then u € F(X).

Let us prove for instance the second statement. Let v/ € F(X)*, then (v Uv) Nu/ =
(unu')U (vNa') is finite since both sets u N v’ and v Nu' are finite by our hypothesis
that u,v € F(X). Since this holds for all v’ € F(X)*, we have u Uv € F(X)*+ = F(X).

A strong isomorphism!? between two finiteness spaces X and Y is a bijection ¢ : | X| —
|Y| such that, for all w C |X|, one has u € F(X) iff p(u) € F(Y).

Let X be a finiteness space. We define a k-vector space k(X)) as the set of all families
x € kX! such that the set supp(z) = {a € | X| | x4 # 0} belongs to F(X).

Given u’ € F(X)1, we define a linear subspace of k(X) by

Vx(u') = {zr € k(X) | supp(z) N’ = 0}.

Observe first that Vu',v' € F(X)+ o Cv' < Vx(v') C Vx(u).

Since, given v/,v" € F(X)1, we have Vx (u' Uv') = Vx (u') N Vx (v'), the set {Vx (v) |
u' € F(X)*} is a filter of linear subspaces of k(X ). Moreover, observe that Nuerxys Vx (W) =
{0} (because Va € |X| {a} € F(X)?1), and therefore this filter defines an Hausdorff linear
topology on k(X), that we call the canonical topology of k(X).

Proposition 18. For any finiteness space X, the ltvs k(X) is Cauchy-complete.

Proof. Let (x(d))sep be a Cauchy net in k(X). Let a € |X|. By taking v’ = {a} in
the definition of a Cauchy net, we see that there exist x, € k and d, € D such that
Ve > d, z(e)q = ,. In that way we have defined z = (z4)qe|x| € k*!

We prove first that

Vu' € F(X)T3d € DVe > dVa €' z(e)y = 4. (17)

Let v/ € F(X)*. Let d° € D be such that z(e) — x(d°) € Vx(u') for all e > d°. Let a € v’
and let d, > d° be such that x(e), = z, for all e > d,. Let ¢ > d°. Let ¢/ > e,d,. We
have z, = z(€’), since ¢’ > d, and z(e’), = x(e), since e, e’ > d° and a € . It follows
that Va € v’ x4 = z(€)q.

From this we deduce now that » € k(X). Let v/ € F(X)*. Let d € D be such
that Ve > dVa € u' z(e)s = x4. Then supp(z) Nu' = supp(z(d)) N u' is finite, so
supp(z) € F(X)*+ = F(X), that is x € k(X).

Now Condition (17) expresses exactly that limge p 2(d) = x and hence the net (z(d))4ep
converges. 0O

A natural question is whether the ltvs k(X), which is Hausdorff, is always metrizable.
We provide a necessary and sufficient condition under which this is the case.

12 This would coincide with the categorical notion of isomorphism if we were using morphisms which
are defined as relations. With linear continuous maps (between the associated ltvs’s) as morphisms,
the present notion of isomorphism is a particular case of the standard categorical one: we can have
more linear homeomorphisms from k(X) to k(Y) than those which are generated by such finiteness-
preserving bijections between webs.
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Proposition 19. Let X be a finiteness space. The ltvs k(X)) is metrizable iff there exists
a sequence (u/,),en of elements of F(X)* which is monotone (n < m = u/, C u/,) and
such that Vu' € F(X)*3n e N/ C ul,.

Proof. Let first (u/,),en be a sequence of elements of F(X)+ which satisfies the condition
stated above. Given x,y € k(X), we define

0 ifx=y
d(z,y) =< 2" if  # y and n is the least integer
such that u), Nsupp(z —y) # 0.

Indeed, if x # y, then supp(z —y) # 0 and hence, taking a € supp(z — y), we can find
n € N such that {a} C u/,. This function d is easily seen to be an ultrametric distance
(that is d(z, z) < max(d(z,y),d(y, z))) and it generates the canonical topology of k(X).
Indeed we have

d(z,y) <27" iff x—yeVx(u,)

(indeed, d(x,y) < 27™ means that the least m such that z —y ¢ Vx (u],) satisfies m > n)
and hence By-n = Vx(ul,), where B is the open ball centered at 0 and of radius e.
Conversely, assume that k(X) is metrizable and let d be a distance defining the canon-
ical topology of k(X). For each n € N, By-» is a neighborhood of 0 and hence there
exist v/, € F(X)+ such that Vx(v),) € Bo-n. Let u/, = vjU--- U/, € F(X)1. Then
Vx(ul) € Vx(v),) C By-n. Now let v/ € F(X)+, then Vx(u') is a neighborhood of 0
and hence there exists n such that Bo—» C Vx (u'), which implies Vx (ul,) C Vx(u') and
hence v’ C ul,. O

It follows that there are non metrizable ltvs associated with finiteness spaces. We give
in Proposition 20 an example of this situation which arises in the semantics of LL, using
exponential constructions that will be introduced in Section 4.5.3.

Proposition 20. The ltvs k(!71) is not metrizable

Proof. Let X = 171, so that |X| = Mg,(N) and a subset u for |X| belongs to F(X)
iff In € N u C Mgo({0,...,n}). The proof is a typical Cantor diagonal reasoning.
We assume towards a contradiction that k(X) is metrizable, that is by Proposition 19,
we assume that there is a monotone sequence (u,),en of elements of F(X)* such that
V' € F(X)t3n € No/ C . Let n € N, we have {p[n] | p € N} € Mg, ({0,...,n})
and hence u}, N {p[n] | p € N} is finite. Therefore we can find a function f : N — N such
that Vn € N f(n)[n] ¢ u),. Let v’ = {f(n)[n] | n € N}. Then v’ € F(X)* since, for any
n €N, v N Mg,({0,...,n}) = {f()[i] | # € [0,n]} is finite. But for all n € N we have
f(n)[n] € v\ u,, and so v’ € ul,. O

We consider this as a very interesting phenomenon which seems to reveal a relation
between the topological complexity of the interpretation of a type with its logical com-
plexity (alternation of exponentials).
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4.5.2. Linearly bounded subspaces. Let X be a finiteness space. We are interested in
characterizing the linearly bounded subspaces of k(X).

Given u C |X|, let Bx(u) = {z € k(X) | supp(z) C u}. This is a linear subspace of
k(X).

Let u € F(X). We prove that Bx(u) is linearly bounded. Let u’ in F(X). Observe
that Vx (u') = Bx (| X]\ v'). We have therefore Bx (u) C Vx(v') + Bx(unw'), and since
u N is finite, the space Bx(u Nw’') is finite dimensional. Let U be an open subspace
of U, let u' C F(X)* be such that Vx (u/) C U. Then Bx(u) C U + Bx(uNu’). Hence
Bx (u) is linearly bounded. We show now that this condition is actually sufficient.

Proposition 21. A linear subspace B of k(X) is linearly bounded iff there exists u €
F(X) such that B C Bx (u).

Proof. Assume that B is linearly bounded. Let u = |, 5 supp(z), so that B C Bx(u),
we prove that u € F(X). Let v/ € F(X)1. Let A be a finite dimensional subspace
of E such that B C Vx(v') + A. Let Ay be a finite generating subset of A and let
ug = Uy ea, supp(y) € F(X). Then x € A = supp(z) C ug (that is A C Bx (u)).

Let z € B, we write x = x1 + 2 where 21 € Vx(u') and 25 € A. We have supp(z) C
supp(z1) Usupp(zz) and hence u' Nsupp(z) C (v’ Nsupp(z1)) U (v’ Nsupp(z2)) C o' Nug
since v’ Nsupp(z1) = (. Since this holds for all z € B, we have v’ Nu C v Nug so v’ Nu
is finite and hence u € F(X) O

Proposition 22. The ltvs k(X) is locally linearly bounded iff there exist u € F(X) and
u' € F(X)* such that w U’ = | X]|.

This is an obvious consequence of Proposition 21.
Fin¥ is the category whose objects are the finiteness spaces and such that Fink(X ,Y)
is the set of all continuous linear maps k(X ) — k(Y.

4.5.3. Constructions of finiteness spaces. We give a number of constructions on finiteness
spaces which allow one to interpret differential LL, starting with the most important one,
which is the linear function space.

The most striking features of these constructions can be summarized by the two fol-
lowing statements.

— In spite of the fact that these constructions are algebraic in nature (tensor product,
linear function space, topological dual etc), they are entirely performed on the webs of
the finiteness spaces and do not involve the scalar coefficients. This means in particular
that they do not depend on the choice of the field, and this is quite surprising.

— So, these constructions are performed on the webs, but they do not really depend on
them, in the following sense. Defining an intrinsic finiteness space as a k-1tvs which
is linearly homeomorphic to k(X) for some finiteness space X, all these constructions
can be transferred to the category of intrinsic finiteness spaces and continuous and
linear maps.
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Let X and Y be finiteness spaces. Let X — Y be the finiteness space such that
| X = Y| =|X]| x|Y| and

F(X <Y)={uxv |ucFX)andv € F(Y*)}+
={w C |X| x|Y||Vu € F(X)Vv' € F(Y)" wn (ux ') is finite}

Let w € F(X —Y), u € F(X) and v’ € F(X)*. It follows from (16) that wu € F(Y) and
that wtv' € F(X)*L.

Let M € k(X —Y). If # € k(X) and b € |Y], then supp(M)*+{b} € F(X)L and
hence the sum Za€|X| Mg pz, is finite. Therefore we can define Mx € kYl by Mz =
<Za€|X| MapTa)pe)y|- Since supp(Mx) C supp(M)supp(z), we have Mz € k(Y') and
hence the function fun(M) defined by fun(M)(x) = Mz is a linear map k(X) — k(Y.
Moreover, fun(M) is continuous. Indeed, for any v’ € F(Y')* we have Vx (supp(M)1v") C
fun(M) ™" (Vy (v')) and hence fun(M) " (Vy (v')) is open since supp(M)+v" € F(X)L.

Given finiteness spaces Z7, Z5, we define immediately the finiteness space Z; ® Z5 as
71 @ Zy = (Z; — Z3)1, so that |Z; @ Zs| = |Z1| x |Z3|. One of the most pleasant
features of the theory of finiteness spaces is the following property (see (Ehr05)) which
has been considerably generalized in (TV10).

Proposition 23. Let w C |Z;| X |Zz|. One has w € F(Z; ® Z3) iff pr;(w) € F(Z;) for
i=1,2.

Coming back to linear function spaces, this means in particular that, given w C | X| x
|Y'|, one has w € F(X —o Y)1 iff there are u € F(X) and v € F(Y)* such that w C uxv/,
from which we derive a simple characterization of the topology of linear function spaces.

Proposition 24. The function Funx y : M — fun(M) is a linear homeomorphism from
k(X —-Y) to k(X) — k(Y), equipped with the topology of uniform convergence on
linearly bounded subspaces.

Proof. The proof that Funyy is a linear isomorphism can be found in (Ehr05). We
prove that this linear isomorphism is an homeomorphism. Let B C k(X) be a bounded
subspace and V' C k(Y') is an open subspace. Let v € F(X) be such that B C Bx(u)
and let v' € F(Y)* be such that Vy(v') C V. Then u x v/ € F(X — Y)* and hence
Vxoy(uxv') C k(X —Y) is an open subspace. Let M € Vx_.y(u x v'), z € B and
b €', we have (Mx), = 0 since supp(z) C u, which shows that Funy y (M)(B) C V and
hence Funx y is continuous.

Let now W C k(X —Y) be an open subspace. Let w € F(X — Y)* be such that
Vx_y(w) € W. By Proposition 23, there are u € F(X) and v’ € F(Y)* such that
w C u x v, and hence Vx_.y(u x v') C W. Then, given M € Vx_.y(u x v’), we have
Funx y(M)(Bx(u)) C Vy(v'), which shows that Funy y (W) is an open linear subspace
of k(X) — k(Y.

We have seen that Funyy is a continuous and open bijection and hence it is an
homeomorphism. |

The tensor product X ® Y defined above is characterized by a standard universal
property: it classifies the hypocontinuous bilinear maps.
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Given vectors z € k(X) and y € k(Y), then 2 ® y € kXY defined by (z ® y)(ap) =
ZaYp 18 clearly an element of k(X ® V') since supp(z ® y) = supp(z) xsupp(y) € F(X @ Y).
The map

T:k(X) xk(Y) 2 k(X ®Y)
(z,y) = zoy

is obviously bilinear, let us check that it is hypocontinuous.

Let W be an open linear subspace of k(X ® Y) and let w’ € F(X ® Y)* be such
that Vxgy(w') C W. Let B C k(X) be a linearly bounded subspace and let u €
F(X) be such that B C Bx(u). Since w’ € F(X — Y1) we have v/ = w'u € F(Y),.
Let z € B and y € Vy(v'), we have supp(z) C u and hence pry(supp(z @ y) Nw') C
pry((u X supp(y)) Nw’) = (w'u) Nsupp(y) = @ by definition of Vy (v'). Therefore z @y €
Vxgy (w') C W. Symmetrically, taking a linearly bounded subspace C' of k(Y), we show
that there is an open linear subspace U of k(X) such that 7(U x C) C W. So the map
T is bilinear and hypocontinuous.

Proposition 25. Let Z be a finiteness space and let f : k(X) xk(Y) — k(Z) be bilinear
and hypocontinuous. There exists exactly one continuous linear map f : k(X ® Y) —
k(Z) such that f = for.

Proof. We define a matrix M e kIXIXIYIxIZ] by Myp.e = fleq,ep). and we show first
that supp(M) e F( X ® Y — Z).

So let u € F(X), v € F(Y) and w’ € F(Z)*; we must show that supp(M) N (ux v x w')
is finite. Let v' € F(Y)* and v’ € F(X)* be such that

fBx (u) x Vy (v)) € Vz(w') and f(Vx (u') x By (v)) € Vz(w').

Let (a,b,c) € supp(M) N (ux v x w'), since f(eq,ep)e &€ Vz(w') (by definition of Vz(w')
and by our assumption about (a, b, c)), we must have

(€a,ep) & Bx(u) x Vy (v') and (eq,ep) & Vx (u) x By (v).

But we know that a € u and b € v, that is e, € Bx(u) and e, € By (v). It follows that
eq ¢ Vx(u'), that is a € v/, and similarly b € v'.

Since Bx (u) and By (v) are linearly bounded, so is f(Bx (u) x By (v)) by Proposition 17
and hence there exists w € F(Z) such that

f(Bx(u) x By (v)) € Bz(w).

Therefore f(eq,ep) € Bz(w) and hence ¢ € w.
We have shown that

supp(M) N (u x v x w') C (unu') x (vNv') x (wNw)

and hence supp(M) N (u X v x w') is finite, so M e k(X @ Y —o Z).
Let f = fun(M), it is a linear and continuous map from k(X ®@ Y) to k(Z). We have
flea®ep) = fleq,ep) for each (a,b) € | X|x|Y]. Let € F(X) and y € k(Y), by separate
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continuity of f (which is a consequence of hypocontinuity) we have

f(xvy) = f( Z TaCa, Z ybeb)

ac|X| belY|

= > zapflea )

(a,b)€lX|x[Y]

= Z xayb.f(ea & eb)

(a,b)€lX|x[Y]

= f(x ®y) by continuity of f.

Uniqueness of the continuous linear map f results from the fact that necessarily f (eq ®
er) = flea,€p). o

Then one proves easily that the category Fin* equipped with this tensor product
(whose neutral object is 1, which satisfies obviously k(1) = k) is x-autonomous, the
object of morphisms from X to Y being X — Y and the dualizing object being | =1
(indeed, the finiteness spaces X —o | and X' are obviously strongly isomorphic).

This category is preadditive in the sense of Section 2.4 since homsets Fink(X, Y)
have an obvious structure of k-vector space which is compatible with all the categorical
operations introduced so far.

Countable products and coproducts are available as well. Let (X;);cr be a countable
family of finiteness spaces. The finiteness space X = &7, X; is given by |X| = U, |Xi]
and F(X) ={w C |X||Vi € I w; € F(X;)} where w; = {a € |X;| | (i,a) € w}. It is easy
to check that

F(X)* = {w C|X||Vielw,eF(X;)" and w] = () for almost all i}

and it follows that F(X)*+ = F(X). It is clear that k(&,;c; Xi) = [Tic; k(Xi) up to
a straightforward strong isomorphism and that &, ; X; together with projections 7; :
k(&;cr Xi) — k(X) defined in the obvious way, is the cartesian product of the X;’s.

Thanks to *-autonomy, the coproduct of the X;’s is given by @, ; X; = (&iel XZ-L)L
and k(P,c; Xs) C [[;c; k(X;) is the space of all families (z;);e; of vectors such that
iel X1> is the
product topology, but the canonical topology on k(€D,.; X;) is much finer: it is generated
by all products [];.; Vi where V; is a linear neighborhood of 0 in k(Xj).

For finite families of objects, products and coproducts coincide.

Let X be a finiteness space. We define !X by |!X| = Mg, (| X]) and

x; = 0 for almost all i € I. Of course, the canonical linear topology on k(&7

F(X) = {AC|IX] | [ supp(m) € F(X)}
meA

and it can be proved that indeed F(!X) = F(1X)*+ (again, see (TV10) for more general
results of this kind).
Given z € k(X) and m € | X/, we set

" = H x;”(a) ck
a€|X|
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(this is a finite product since supp(m) is a finite set), so that
l‘l = (xm)me\!X| S k<'X>

by definition of F(1X). Let M € k(!X — Y'), it is not hard to see that one defines a map
Fun(M) : k(X) — k(Y by setting

Fun(M)(z) = Z M, pz™

me|lX| be|Y|

all these sums are indeed finite, see (Ehr05) for the details. When the field k is infinite,
the map M — Fun(M) is injective.

In (Ehr05), it is also proven that !_ is a functor. Given M € k(X — Y) one defines
IM € k(!X — 1Y) by setting, for m € |!X| and p € |Y],

(M)mp= Y [1M"

re€L(m,p)
where
L(m,p) = {r € Ma,(|X| x|Y]) | Z r(a,b) =m(a) and Z r(a,b) = p(b)}
belY| ag|X|

(so that r € L(m,p) = #m = #r = #p) and

|
p(b) ' €N+.

=11 oy r(@b)!

be|Y|

is a generalized multinomial coefficient.
This operation is functorial: !ld = Id and !M IN = (M N), and we also have

Fun(\M)(z) =M z' = (Mz)".

When k is infinite, this latter equation completely characterizes ! M, by injectivity of the
operation Fun in that case. This functor has a comonad structure, of which we recall here
only the counit dx € k(!X — X) given by (dx)m.a = Om,[a]-

The bijection |/(X & Y)| — |!X ® Y| which maps the element ¢ € |I(X & Y)]| to the
pair (m,p) € |!X ® Y| defined by m(a) = ¢(1,a) and p(b) = ¢(2,b) is a strong iso-
morphism of finiteness spaces. We also have a strong isomorphism from !l to 1. These
strong isomorphisms induce natural isomorphisms m% y € Fin*(1X @ IV, /(X &Y))
and m® € Fin®(1,!T) which endow the functor !_ with a monoidality structure from
(Fin®, &, T) to (Fin®, ®, 1), satisfying moreover the coherence diagram (??): to summa-
rize, equipped with the structure described above, Fin* is a Seely category, that is, a
categorical model of classical LL.

Applying the general recipe of Section 4.1, we get the contraction natural transfor-
mation cx : !X — !X ® !X and the weakening morphism wy : !X — 1. We check that
(Wx)m,» = O, and that (cx)m,(p,q) = Om,prq- We also get the cocontraction natural
transformation €x : !X ® !X — !X and the coweakening morphism wyx : 1 — !X. And
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we check that (Wx )«m = 0m,[, and that (Sx)p.q),m = (p;q)dm’pﬂ where

m\ m(a)! "
<p> = 11 St =@y <N

aE\X|p

is a generalized binomial coefficient.

We also have a codereliction natural transformation dx : X — !X given by (Hx)a,m =
Om,[a), Which is easily seen to satisfy the conditions of Section 2.5 and 2.6, so that Fin®
is a model of full differential LL.

4.5.4. An intrinsic presentation of function spaces. We have seen that a morphism from
X to Y of the linear category Fin® can be seen both as an element of k(X —Y) and
as a continuous linear function from k(X) to k(Y’).

A morphism from X to Y in the Kleisli category Relf is an element of k(!X —o V).
Given M € k(!X — Y'), we have seen that we can define a function Fun M : k(X) — k(Y")
by

Fun(M)(z) = M z' = ( Z M o™ )pe)y| -
me|lX|
Moreover, the correspondence M — Fun(M) is functorial. We provide here an intrinsic
characterization of these functions.
Let E and F be ltvs’s. Let us say that a function f : F — F is polynomial if there is

n € N and hypocontinuous i-linear maps f; : E* — F (for i = 0,...,n) such that
fl@)y=fo+ filz)+-+ fulz,....2).
A polynomial map f of the form f(x) = f.(x,...,z), where f, is an n-linear hypocon-

tinuous function, is said to be homogeneous of degree n (this condition implies of course
Vt € k f(tx) = t" f(x), and when k is infinite, a polynomial function is homogeneous iff
it satisfies this latter condition).

Let Pol(E, F') be the k-vector space of polynomial functions from E to F. This space
can be endowed with the linear topology of uniform convergence on all linearly bounded
subspaces, which admits the following generating filter base of open neighborhoods of
0: the basic opens are the linear subspaces Ann(B,V) = {f € Polx(E, F) | f(B) C V'},
where B is a linearly bounded subspace of F and V is a linear open subspace of F. Let
Anay(E, F) be the completion'® of that ltvs.

Theorem 26. Assume that k is infinite. For any finiteness spaces X and Y, the ltvs
k(!X —Y) is linearly homeomorphic to Anay(k(X),k(Y)).

Proof. Let h : k(X)™ — k(Y) be an hypocontinuous n-linear function of matrix M €
k(X® - -®X —Y), so that h(z1,...,2,) = M(z1 ® -+ ® x,,).

13 A completion of an ltvs E is a pair (E,h) where E is a complete ltvs and h : E — E is a linear and
continuous map such that, for any complete ltvs F' and any linear continuous map f : E — F, there
is an unique linear and continuous map f : E — F such that f o h = f. Using standard techniques,
one can prove that any ltvs admits a completion, which is unique up to unique isomorphism.
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Remember that, using contraction and dereliction, we have defined in Section 3 the
morphism d% € k(!X — X ® --- ® X). Then we have N = M d% € k(!X —Y), and it
is easy to see that

Fun(N)(z) = h(z,...,x).
In that way, we see that any polynomial map from k(X) to k(Y) is an element of
k(!X — Y); we have an inclusion Poly (k(X),k(Y)) C k(!X — Y'). Actually, the expo-
nential structure Fin¥ is Taylor and this notion of polynomial map coincides with the
general notion of Section 3.1.

Conversely, let (m,b) € [!1X — Y| with m = [ay,...,a,]. The map f : k(X)" —
k defined by f(z(1),...,z(n)) = x(1)4, ...2x(n),, is multilinear and hypocontinuous.
Hence the same holds for the map = — f(x)e, from k(X)" to k(Y). Therefore we have
k('X=YD) C Poly (k(X),k(Y)) (given a set I, remember that k() is the k-vector space
generated by I, that is, the space of all families (a;);cr of elements of k such that a; =0
for almost all 4’s).

Hence Poly (k(X),k(Y)) is a dense subspace of k(!X — Y). To show that k(!X — Y")
is the completion of Poly(k(X),k(Y)) it suffices to show that the above defined linear
topology on that space (uniform convergence on all linearly bounded subspaces) is the
restriction of the topology of k(!X — Y').

Let B C k(X) be a linearly bounded subspace and let V' C k(Y) be linear open.
Let v' € F(Y)* be such that Vy(v') € V. By Proposition 21, supp(B) € F(X), so
Men(supp(B)) € F(1X). Let

M € Vix oy (Mgn(supp(B)) x v') Ck(IX - Y),
then fun(M)(z), = 0 for each € B and b € v'. So we have
Vix oy (Magn(supp(B)) x v") N Poly (k(X),k(Y)) C Ann(B,V).

Conversely let U € F(!X) and v € F(Y)*, then we have u = |, supp(m) € F(X)
and hence the subspace B C k(X) of all vectors which vanish outside wu is linearly
bounded. Let M € k(!X — Y) be such that the map Fun(M) : k(X) — k(Y") is polyno-
mial and belongs to Ann(B, Vy (v)). Then for any m = [a1, ..., a,] € Mgy(u) and b € v’
we have M,, ;, = 0 because this scalar is the coefficient of the monomial £;n(al) - f,T(a") in
the polynomial P € k[1, ..., &,] such that P(zy,...,2,) = Fun(M)(z), where z € k(X)
is such that z, = z; if @ = a; and z, = 0 if a ¢ supp(m), and P = 0 because
Fun(M)(B) C Vy(v') by assumption (we also use the fact that k is infinite). Hence
M € Vix oy (U x v') and we have shown that

Ann(B,Vy (v")) € Vix oy (U x v") N Poly (k(X),k(Y)),
showing that this latter set is a neighborhood of 0 in the space of polynomials. a

The Taylor formula proved in (Ehr05) for the morphisms of this Kleisli category shows
that actually any morphism is the sum of a converging series whose n-th term is an
homogeneous polynomial of degree n.

As an example, take E = k[¢] ~ k(!1 — 1). The corresponding topology on E is
the discrete topology. A typical example of generalized polynomial map is the function
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¢ : E — k which maps a polynomial P to P(P(0)), in other words, ¢(zo + 21&+ -+ +
xn€") = xo+x120+- - -+ 2,2 . Considered as a generalized polynomial of infinitely many
variables xg, x1, ..., we see that ¢ is not of bounded degree, and so it is not polynomial.
Nevertheless, it corresponds to a very simple and finite computation on polynomials.

4.5.5. Antiderivatives. Just as Rel, the Fin® exponential structure is Taylor in the sense
of Section 3.1. Moreover, if k is of characteristic 0 (meaning that Vn € Nnl1=0=n =0)
it has antiderivatives in the sense of 3.2, because the morphism Jx = Idx +(0x Jx) :
X — X satisfies (Jx)p,q = (#p + 1)dp,4 for all p,q € |!X| and hence is an isomorphism
whose inverse Ix is given by (Ix)pq = ﬁ(;p,q.
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